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Abstract  

In this article we show that the probability for an electron tunneling a rectangular potential barrier 

depends on its angle of incidence measured with respect to the normal line. The majority of the 

studies in the field consider a one-dimensional tunneling of an electron of mass 𝑚 in a potential 

barrier along the 𝑥-axis. Using a two-dimensional approach, we observed that the angle of incidence 

of the electron influences the probability of tunneling.  

Keywords: Potential barrier. Angular Tunneling. Two-dimensional. 
 

Resumo  

Neste trabalho mostramos que a probabilidade de um elétron tunelar em uma barreira de potencial 

retangular depende do seu ângulo de incidência medido em relação à linha normal. A maioria dos 

estudos na área considera um tunelamento unidimensional de um elétron de massa 𝑚 em uma 

barreira de potencial ao longo do eixo 𝑥. Usando uma abordagem bidimensional, observamos que o 

ângulo de incidência do elétron influencia na probabilidade de tunelamento.  

Palavras-chave: Barreira de potencial. Tunelamento Angular. Bidimensional. 
 

1. Introduction 

According to the principles of classical physics, a particle of energy 𝐸 which is smaller than 

the height 𝑉 of a potential barrier can not penetrate it – the region inside the barrier is classically 

forbidden. Quantum mechanics, however, allows for the so-called tunneling effect, in which due to 

the fact that the wave function associated with a free particle must be continuous at the barrier it 

will show an exponential decay inside the barrier (SAKURAI, 1994), thus accounting for a non-

zero probability of finding the particle inside the barrier. 
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In most of the one-dimensional problems we study the motion of a particle approaching the 

barrier occurs from the left with an angle 𝜃 =  00 (i.e., normal to the barrier) and then penetrating 

the barrier. Depending on whether 𝐸 > 𝑉 or 𝐸 < 𝑉 the particle can pass through the potential or be 

reflected back. 

In two or three dimensions when the barrier is only a function of the distance from the origin 

of the coordinate system, i.e. 𝜌 = √𝑥2 + 𝑦2 or 𝑟 = √𝑥2 + 𝑦2 + 𝑧2, we can separate the variables 

in the Schrödinger equation and thus reduce the problem to a one-dimensional motion but now with 

the boundary conditions imposed at 𝜌 = 0 or 𝑟 = 0 and at 𝜌 and 𝑟 going to infinity (BENDERSKII, 

1991; BOWCOCK, 1991; BRACHER, 1998). For instance, in three dimensions if we assume that 

𝑉(𝑟 ⟶ ∞) ⟶ 0 and that 𝑉(𝑟) has a maximum at 𝑟 = 𝐿, then if the particle is originally confined 

within the region 0 < 𝑟 < 𝐿, it can tunnel through the barrier and go to infinity (HUANG, 1990; 

RING, 1977; SCHMID, 1986).  

The interest in such studies are real experimental realizations, e.g., in 2000 the tunneling effect 

was studied as an application in nuclear deformation on the alpha-decay (DIMARCO, 2000). A 

more general study, Fredholm Method, is presented in the works of Sales (SALES et al, 2021; 

SALES; GIROTTO, 2021) 

Since the wave function must also be continuous on the far side of the barrier, there is a non-

zero finite probability that the particle will tunnel through the barrier. Such experimental scenario 

suggests we define the rectangular potential barrier as: 

 
Figure 1 – One-dimensional square potential. 

 

{

= 0, 𝑓𝑜𝑟 𝑥 < 0 ⟶ 𝑅𝑒𝑔𝑖𝑜𝑛 1
𝑉 > 0, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐿 ⟶ 𝑅𝑒𝑔𝑖𝑜𝑛 2

= 0, 𝑓𝑜𝑟 𝑥 > 𝐿 ⟶ 𝑅𝑒𝑔𝑖𝑜𝑛 3.
 

 

We define the transmission coefficient 𝑇 as the measure of the probability for a particle 

coming from the left hand side, Region 1, incident on the barrier, Region 2, to be tunneling through 

it and continuing to travel to the right hand side of it, Region 3 (see Figure 1). It can be evaluated 

by: 

 

𝑇 = 16
𝐸

𝑉
(1 −

𝐸

𝑉
) 𝑒−2𝑘𝑙,              (1) 

 

where 

 

𝑘 =
1

ℏ
√2𝑚(𝑉 − 𝐸).               (2) 

 

Equation (1) shows us that a particle with mass 𝑚 and energy 𝐸 < 𝑉, that approaches a potential 

barrier with height 𝑉 and width 𝐿 has a probability 𝑇 ≠  0 of penetrating the barrier and even 
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appearing on the other side. This phenomenon is known as tunneling (TAKADA, 1994; WANG, 

1986; ZAMASTIL, 2001). 

 

 

 

2. Transmission Through a Potential Barrier 

 

 The model we present in this section serves for scattering, collimated and nearly mono-

energetic beam of particles. We also make the assumption that eventual dispersions of the wave that 

may occur will be disregarded. So, if a free particle of mass 𝑚 and energy 𝐸 approaches the barrier 

from Region 1 with an angle of incidence 𝜃 ≠ 0 with respect to the normal line of the potential 

barrier with height 𝑉 and width 𝐿, the eigenfunctions are obtained from the solution of the 

Schrödinger equation and are: 

 

𝜓(𝑟) = {

𝐴𝑒𝑖�⃗⃗�1⋅𝑟 + 𝐵𝑒−𝑖�⃗⃗�1⋅𝑟 (𝑟 < 0)

𝐶𝑒𝑖�⃗⃗�2⋅𝑟 + 𝐷𝑒−𝑖�⃗⃗�2⋅𝑟 (0 < 𝑟 < 𝐿)

𝐹𝑒𝑖�⃗⃗�3⋅𝑟 (𝑟 > 𝐿)

,           (3) 

 

where 𝑟 is the position vector, and �⃗⃗�1, �⃗⃗�2 and �⃗⃗�3 are the wave numbers (�⃗⃗�1 = �⃗�1/ℏ) for each region, 

with 𝑝𝑖⃗⃗⃗ ⃗ the particle momentum, and 𝑖 = 1, 2, 3. We now explicit the scalar products that appear in 

the exponentials as 

 

�⃗⃗�1 ⋅ 𝑟 = 𝑘1𝑟 cos 𝜃,               (4) 

 

�⃗⃗�2 ⋅ 𝑟 = 𝑘2𝑟 cos 𝜃𝑟𝑒𝑓,               (5) 

 

 �⃗⃗�3 ⋅ 𝑟 = 𝑘3𝑟 cos 𝜃3.               (6) 

 

 With no loss of generality, we may assume that the absolute refractive index for Region 1 is 

the same as the one for Region 3, i.e., 𝑛1 = 𝑛3. By Snell's refraction law this implies that 𝜃3 = 𝜃, 

and therefore, 𝑘3 = 𝑘1. 

 Using now the expression for the probability current density 

 

𝐽 =
𝑖ℏ

2𝑚
(Ψ∇⃗⃗⃗Ψ∗ − Ψ∗∇⃗⃗⃗Ψ),              (7) 

 

we obtain the three probability current densities for the corresponding eigenfunctions 

 

𝐽𝑖𝑛𝑐 =
𝑘1ℏ

𝑚
|𝐴|2 (cos 𝜃 �̂� −

sin 𝜃

𝑟
𝜃),             (8) 

 

𝐽𝑟𝑒𝑓𝑙 = −
𝑘1ℏ

𝑚
|𝐵|2 (cos 𝜃 �̂� −

sin 𝜃

𝑟
𝜃),            (9) 

 

𝐽𝑡𝑟𝑎𝑛𝑠 =
𝑘1ℏ

𝑚
|𝐹|2 (cos 𝜃 �̂� −

sin 𝜃

𝑟
𝜃).          (10) 

 

 Here 𝐽𝑖𝑛𝑐 is the incident current density for the incoming wave in Region 1, 𝐽𝑟𝑒𝑓𝑙 the reflected 

current density for the reflected wave to Region 1, while𝐽𝑡𝑟𝑎𝑛𝑠 is the transmitted current density to 

Region 3. So, 
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𝑅𝑎𝑛𝑔𝑢𝑙𝑎𝑟 =
|𝐽𝑟𝑒𝑓𝑙|

|𝐽𝑖𝑛𝑐|
= |

𝐵

𝐴
|

2

            (11) 

 

is the reflection coefficient, defined as the probability that an particle is reflected at the barrier. 

Similarly, 

 

𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟 =
|𝐽𝑡𝑟𝑎𝑛𝑠|

|𝐽𝑖𝑛𝑐|
= |

𝐹

𝐴
|

2

            (12) 

 

is the transmission coefficient, defined as the probability that the particle will be transmitted to 

Region 3 and 𝐴, 𝐵, 𝐹 are amplitudes of incident, reflected and transmitted waves, respectively. The 

quantity 𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟 must be interpreted as the ratio of the transmitted to the incident probability 

current density for 𝐸 > 𝑉. 

 

2.1 Application of Boundary Conditions 

The boundary conditions for the continuity of the wave function across the edges of the 

potential barrier (i.e. 𝑟 = 0 and 𝑟 = 𝐿) allow the coefficients in the general solutions (𝐴, 𝐵, 𝐶, 𝐷, 

and 𝐹) to be found. The boundary conditions at 𝑟 = 0 and 𝑟 = 𝐿 are as follows: 

 

𝜓1(0) = 𝜓2(0),        
𝜕𝜓1

𝜕𝑟
|

𝑟=0
=

𝜕𝜓2

𝜕𝑟
|

𝑟=0
,          (13) 

 

𝜓2(𝐿) = 𝜓3(𝐿),        
𝜕𝜓2

𝜕𝑟
|

𝑟=𝐿
=

𝜕𝜓3

𝜕𝑟
|

𝑟=𝐿
.          (14) 

 

Evaluating the partial derivatives, we have 

 
𝜕𝜓1

𝜕𝑟
= 𝑖𝑘1𝑟 cos 𝜃 (𝐴𝑒𝑖�⃗⃗�1⋅𝑟 + 𝐵𝑒−𝑖�⃗⃗�1⋅𝑟),          (15) 

 
𝜕𝜓2

𝜕𝑟
= 𝑖𝑘2𝑟 cos 𝜃𝑟𝑒𝑓𝑙 (𝐶𝑒𝑖�⃗⃗�2⋅𝑟 − 𝐷𝑒−𝑖�⃗⃗�2⋅𝑟),         (16) 

 
𝜕𝜓3

𝜕𝑟
= 𝑖𝑘1𝑟 cos 𝜃 (𝐹𝑒𝑖�⃗⃗�1⋅𝑟).            (17) 

 

For the convenience of later manipulations we introduce the following definitions 

 

𝑍1 = 𝑒𝑖𝑘1𝐿 cos 𝜃,               

 

𝑍 = 𝑒𝑖𝑘2𝐿 cos 𝜃𝑟𝑒𝑓𝑙 .             (18) 

 

 Then, from the boundary conditions at 𝑟 = 0 we obtain, 

 

𝜓1(0) = 𝜓2(0) ⟶ 𝐴 + 𝐵 = 𝐶 + 𝐷          (19) 

 

and from continuity in relation (13) at point 𝑟 = 0 we get 

 
𝜕𝜓1(0)

𝜕𝑟
=

𝜕𝜓2(0)

𝜕𝑟
⟶ 𝑖𝑘1 cos 𝜃 (𝐴 − 𝐵) = 𝑖𝑘2 cos 𝜃𝑟𝑒𝑓𝑙 (𝐶 − 𝐷),       

 

from which we may express 𝐴 and 𝐵 coefficients in terms of 𝐶 and 𝐷 as follows: 
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𝐴 − 𝐵 = 𝑛
cos 𝜃𝑟𝑒𝑓𝑙

cos 𝜃
(𝐶 − 𝐷),            (20) 

 

where we introduced the notation 𝑛 =
𝑘2

𝑘1
. 

In a similar manner, applying the boundary condition at 𝑟 = 𝐿, we get 

 

𝜓2(𝐿) = 𝜓3(𝐿) ⟶ 𝐶𝑒𝑖𝑘2𝐿 cos 𝜃𝑟𝑒𝑓𝑙 + 𝐷𝑒−𝑖𝑘2𝐿 cos 𝜃2 = 𝐹𝑒𝑖𝑘1𝐿 cos 𝜃,      

 

from which, using Eq. (18) we have 

 

𝑍𝐶 +
1

𝑍
𝐷 = 𝑍1𝐹.              (21) 

 

 The continuity relation for the derivatives at 𝑟 = 𝐿 gives us the remaining relation among the 

coefficients: 

 
𝜕𝜓2(𝐿)

𝜕𝑟
=

𝜕𝜓3(𝐿)

𝜕𝑟
⟶       

 

𝐶𝑍 −
1

𝑍
𝐷 =

𝑍1

𝑛

cos 𝜃

cos 𝜃𝑟𝑒𝑓𝑙
𝐹.            (22) 

 

 Summing up Eqs. (21) and (22), we may solve for 𝐶 and 𝐷 respectively obtaining: 

 

𝐶 =
𝑍1

2𝑍
(1 +

cos 𝜃

cos 𝜃𝑟𝑒𝑓𝑙
) 𝐹            (23) 

 

and 

 

𝐷 =
𝑍1𝑍

2
(1 −

cos 𝜃

𝑛 cos 𝜃𝑟𝑒𝑓𝑙
) 𝐹.            (24) 

 

Since we want to express 𝐴 in terms of 𝐹, next we solve the following system of linear 

equations from Eqs. (19) and (20): 

 

𝐴 + 𝐵 = (𝐶 + 𝐷)             

 

𝐴 − 𝐵 = 𝑛𝛼−1(𝐶 − 𝐷),            (25) 

 

were 𝛼 =
cos 𝜃

cos 𝜃𝑟𝑒𝑓𝑙
. 

 Solving the system Eq. (25) in terms of 𝐴 results in the following: 

 

𝐴 =
1

2
[(1 + 𝑛𝛼−1)𝐶 − (𝑛𝛼−1 − 1)𝐷].          (26) 

 

Now introducing the results Eqs. (23) and (24) we may express the coefficient 𝐴 in term of 

the coefficient 𝐹 as 

 

𝐴 =
1

4

𝑍1𝛼

𝑁𝑍
(𝑁 + 1)2 [1 − (

𝑁−1

𝑁+1
)

2

𝑍2] 𝐹,          (27) 

 

where we have used the notation 
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𝑁 = 𝑛𝛼−1.               (28) 

 

 Thus, finally Eq. (12) can be rewritten as 

 

𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟 = |
4𝑁𝑍

𝑍1(𝑁+1)2[1−(
𝑁−1

𝑁+1
)

2
𝑍2]

|

2

.           (29) 

 

Equation (29) is the angular transmission probability of a particle across a potential barrier 

with 𝐸 > 𝑉. 

 

3. Angular Tunneling Effect 

 

In the case of tunneling (0 < 𝐸 < 𝑉), the eigenfunction for Region 2 is 

 

𝜓2(𝑟) = 𝐶𝑒 �⃗⃗�⋅𝑟 + 𝐷𝑒−�⃗⃗�⋅𝑟 ,          (0 ≤ 𝑟 ≤ 𝐿)      

 

where 𝑘2 is now defined as 

 

𝑘2 = 𝑖|𝑘2| =
𝑖

ℏ
√2𝑚(𝑉 − 𝐸) ≡ 𝑖𝑘,          𝑘 > 0,      

 

and 

 

𝑘 =
1

ℏ
√2𝑚(𝑉 − 𝐸).      

 

Here, however, we cannot exclude the exponentially increasing part of the exponential 

because 𝑟 does not extend to −∞ (boundary region) because we have a limit to the potential that is 

up to 𝑟 = 𝐿. Another important fact is that the index of refraction becomes imaginary, i.e. 

 

𝑛 =
𝑘2

𝑘1
= 𝑖

𝑘

𝑘1
= 𝑖𝜂,          (𝜂 > 0).      

 

 Thus 𝑁 as given in Eq. (28) now becomes 

 

𝑁 = 𝑖√
𝜂2+(sin 𝜃)2

1−(sin 𝜃)2 ≡ 𝑖𝛽,      

 

with 

 

𝛽 = √
𝜂2+(sin 𝜃)2

1−(sin 𝜃)2 .      

 

 Substituting 𝑁 into Eq. (29), we obtain 

 

𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟 = |[

4𝑖𝛽

(𝑖𝛽+1)2

1−(
𝑖𝛽−1

𝑖𝛽+1
)

2
𝑒−2𝑘𝐿

] 𝑒−𝑘𝐿−𝑖𝑘1𝐿|

2

.         (30) 
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 Here we introduce our first approximation considering the case of a thick barrier in which 

𝑘𝐿 ≫ 1. In this case we may neglect the term proportional to 𝑒−2𝑘𝐿 in the denominator of Eq. (30), 

yieldding 

 

𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟 =
16𝛽2

(𝛽2+1)2 𝑒−2𝑘𝐿.            (31) 

 

Next, we express the quantities 𝜂 and 𝛽 in terms of the experimental values of the particle 

energy 𝐸 and potential barrier's height 𝑉, so that after some algebraic manipulations we get for 𝜂 

and 𝛽 

 

𝜂 =
𝑘

𝑘1
=

𝑖

ℏ
√2𝑚(𝑉−𝐸)

𝑖

ℏ
√2𝑚𝐸

= √
𝑉−𝐸

𝐸
   or      

 

𝜂2 =
𝑉−𝐸

𝐸
,   and              (32) 

       

𝛽2 =
𝑉

𝐸(cos 𝜃)2 − 1,   or      

 

𝛽2 + 1 =
𝑉

𝐸(cos 𝜃)2.              (33) 

 

 Thus, finally we may express the angular tunneling probability Eq. (31) as 

 

𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟 = 16
𝐸𝜃

𝑉
(1 −

𝐸𝜃

𝑉
) 𝑒−2𝑘𝜃𝐿,           (34) 

 

where 

 

𝐸𝜃 = 𝐸(cos 𝜃)2,      

 

𝑘𝜃 =
1

ℏ
√2𝑚(𝑉 − 𝐸𝜃).      

 

 Equation (34) gives us the tunneling probability of an particle that strikes in a potential barrier 

with an angle 𝜃 ≠ 0 with respect to the normal line to the barrier. We cannot fail to see the similarity 

between Eq. (34) and Eq. (1), and in the limit of 𝜃 ⟶ 0 of Eq. (34) we get exactly Eq. (1). 

 

4. Numerical Results 

For the sake of clarifying the analytical/theoretical results, we did the following numerical 

calculations. Let us assume a rectangular barrier of height 12 eV and width 0.18 nm. From Eq. (34) 

we calculate the tunneling probability of finding a electron hitting in a potential barrier with angles 

between −
𝜋

2
 and 

𝜋

2
, and kinetic energy varying from 0 to 12 eV (see Figure 2). The first conclusion 

we have drawn is that the angular tunneling probability is not zero when the electron energy 𝐸 is 

equal to the potential barrier 𝑉. Even for small angles, there are non-vanishing angular probabilities 

for 𝐸 = 𝑉. 
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Figure 2 - Electron angular tunnelling through a barrier. 

  

In Figures 3 and 4 we compare the one-dimensional tunneling with the angular tunneling for 

angles between 14∘ and 19∘. We can clearly see that while the probability curve of the one-

dimension tunneling tends to zero as the electron energy approaches the energy of the potential 

barrier, the probability curve of angular tunneling remains above 18% for the range of angles above 

mentioned when 𝐸 = 𝑉. 
 

 
Figure 3 – Angular tunneling for 𝜽 = (𝟏𝟒°, 𝟏𝟓°, 𝟏𝟔°, 𝟏𝟕°). 
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Figure 4 – Angular tunneling for 𝜽 = 𝟏𝟖° and 𝜽 = 𝟏𝟗°. 

 

Here we are interested in calculating the maximum points of the Eq. (34) using the Hessian 

determinant, which is defined by 

 

𝐻(𝐸, 𝜃) = |

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝐸2

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝜃𝜕𝐸

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝐸𝜕𝜃

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝜃2

|           (35) 

 

In order to determinate the critical points, the following conditions must be satisfied, namely: 

 

𝐻(𝐸, 𝜃) > 0,            

 
𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝐸2
< 0,            

 
𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝜃2
< 0.              (36) 

 

 First of all we need to solve the following system of linear equations: 

 

{

𝜕𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝐸
= 0,

𝜕𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝜃
= 0.

              (37) 

 

 These can be evaluated through expliciting the partial derivatives: 
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{
−

4𝜎1 cos(𝜃)2𝜀(𝜃)

3
−

𝐸𝜎1 cos(𝜃)4

9
−

6.63×10−25𝐸𝜎1 cos(𝜃)4𝜀(𝜃)

𝜎2
= 0

2𝐸2𝜎1 cos(𝜃)3 sin(𝜃)

9
+

8𝐸𝜎1 cos(𝜃) sin(𝜃)𝜀(𝜃)

3
+

1.33×10−24𝐸2 cos(𝜃)3 sin(𝜃)𝜀(𝜃)

𝜎2
= 0

    (38) 

 

where for convenience we have defined 

 

𝜀(𝜃) = (
𝐸 cos(𝜃)2

12
− 1),             (39) 

 

𝜎1 = 𝑒−3.41×1024
𝜎2,             (40) 

 

𝜎2 = √3.49 × 10−48 − 2.91 × 10−49𝐸 cos(𝜃)2.        (41) 

 

 Hence the system Eq. (38) is comprised of transcendental equations that we couldn't solve by 

using analytical methods in order to find the maximum points. With the aid of Table 1 and Figure 5 

(using Eq. (35)), we have seen that the maximum points are between 0° and 25°, and energy of 10 

eV to 12 eV. In Figure 5 we see a discontinuous (“white”) region, showing that the Hessian is more 

negative towards the other, i.e, a region is “strongly” of saddle points in relation to the other. 

 

 
Figure 5 – Hessian. 

 

Table 1 – Numerical table (× 𝟏𝟎−𝟗). 
10 eV 11 eV 12 eV 

Angles Hessian 
𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝐸2
 

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝜃2
 % Hessian 

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝐸2
 

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝜃2
 % Hessian 

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝐸2
 

𝜕2𝑇𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝜕𝜃2
 % 

0° 0.0046 −0.0055 −0.8252 16.42 0.0054 −0.1060 −0.0514 19.37 − − − − 

1° 0.0045 −0.0054 −0.8257 16.40 0.0062 −0.1051 −0.0746 19.36 − − − − 

2° 0.0043 −0.0052 −0.8270 16.37 0.0084 −0.1024 −0.1423 19.36 − − − − 

3° 0.0039 −0.0047 −0.8287 16.30 0.0117 −0.0980 −0.2487 19.35 − − − − 

4° 0.0034 −0.0041 −0.8300 16.21 0.0157 −0.0922 −0.3850 19.34 − − − − 

5° 0.0028 −0.0034 −0.8298 16.10 0.0197 −0.0853 −0.5403 19.31 − − − − 

6° 0.0021 −0.0025 −0.8271 15.96 0.0233 −0.0776 −0.7031 19.27 − − − − 

7° 0.0013 −0.0016 −0.8208 15.80 0.0261 −0.0695 −0.8620 19.20 − − − − 

8° 0.0004 −0.0007 −0.8099 15.61 0.0279 −0.0611 −1.0068 19.11 − − − − 

9° − − − − 0.0284 −0.0528 −1.1292 18.99 − − − − 

10° − − − − 0.0277 −0.0448 −1.2234 18.83 − − − − 

11° − − − − 0.0259 −0.0373 −1.2857 18.64 − − − − 

12° − − − − 0.0233 −0.0304 −1.3148 18.41 − − − − 
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13° − − − − 0.0201 −0.0242 −1.3113 18.13 − − − − 

14° − − − − 0.0166 −0.0187 −1.2774 17.82 − − − − 

15° − − − − 0.0129 −0.0138 −1.2164 17.47 − − − − 

16° − − − − 0.0094 −0.0097 −1.1322 17.08 − − − − 

17° − − − − 0.0061 −0.0063 −1.0294 16.66 0.0114 −0.0835 −4.5900 19.36 

18° − − − − 0.0031 −0.0034 −0.9126 16.21 0.0267 −0.0612 −4.0176 19.23 

19° − − − − 0.0005 −0.0011 −0.7860 15.73 0.0299 −0.0442 −3.4586 18.98 

20° − − − − − − − − 0.0270 −0.0312 −2.9239 18.63 

21° − − − − − − − − 0.0215 −0.0213 −2.4211 18.19 

22° − − − − − − − − 0.0154 −0.0139 −1.9554 17.67 

23° − − − − − − − − 0.0095 −0.0083 −1.5296 17.10 

24° − − − − − − − − 0.0046 −0.0042 −1.1451 16.48 

25° − − − − − − − − 0.0006 −0.0012 −0.8016 15.82 

 

 Table 1 shows maximum points between angle and energy, and its probabilities, respectively. 

What draws our attention is that for 𝜃 = 0° there is no maximum point when electron energy is 

equal to the potential barrier energy, differently to what happens for angles between 17° and 25°. 

Even though we couldn't solve the system of transcendental functions (Eq. (38)) using analytical 

methods in order to find the maximum points, Table 1 was essential because it lists where the 

hessian is positive and the second derivatives for 𝐸 and 𝜃 are both negative, which point out the 

maximum points (between 0° and 25°). 

 

5. Conclusions 

In this paper we have developed quantum tunneling of a particle of mass 𝑚 depending on its 

angle of incidence with the normal line to the surface of the potential barrier. The results showed 

that the angular tunneling, for the case of electron striking in a potential barrier of 12 eV and a 

thickness of 0.18 nm, is more favorable than the usual tunneling (𝜃 = 0°) for angles between 0° and 

25° and energy from 10 eV to 12 eV. It was noted that the probability of angular tunneling is not 

equal to zero when the electron energy 𝐸 is equal to the potential barrier 𝑉, unlike the usual 

tunneling. Even for small angles, there are angular tunneling probability when 𝐸 = 𝑉. 
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