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Abstract

Nowadays, the growing complexity of mathematical and computational modelling demands the
simplicity of mathematical and computational equations for solving today’s scientific problems and
challenges. This paper presents combinatorial geometric series, innovative binomial coefficients,
combinatorial equations, binomial expansions, calculus with combinatorial geometric series, and
innovative binomial theorems. Combinatorics involves integers, factorials, binomial coefficients,
discrete mathematics, and theoretical computer science for finding solutions to the problems in
computing and engineering science. The combinatorial geometric series with binomial expansions
and its theorems refer to the methodological advances which are useful for researchers who are
working in computational science. Computational science is a rapidly growing multi-and inter-
disciplinary area where science, engineering, computation, mathematics, and collaboration use
advance computing capabilities to understand and solve the most complex real-life problems.
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1. Introduction

In the earlier days, geometric series served as a vital role in the development of differential and
integral calculus and as an introduction to Taylor series and Fourier series. In this article,
combinatorial geometric series with binomial expansion and its relationship and theorems are
introduced in an innovative way. Combinatorial geometric series is derived from the multiple
summations of a geometric series with Annamalai’s binomial coefficients. Nowadays, the
combinatorial geometric series and its binomial identities and binomial theorems (Annamalai et al.,
2022) have significant applications in science, engineering, economics, queuing theory,
computation, combinatorics, management, and medicine (Annamalai et al., 2010).

1.1 Geometric Series with Powers of Two
Let us develop the sum of geometric series (Annamalai et al., 2022u, 2022v, 2022w) with exponents

of 2 independently as follows:

20 =2n 7l 2n Tl = 20Tt 4 N2 N2 = = PRl 4 N2 73 ok g ok (D
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= 2 4 2F42 4 2K43 g on2 g onl = o0 2k = Z 20 = 2ntt — 2k (2)
i=k

In the geometric series if k = 0, thenz 2t =2"*1 1 (k,n € N),
i=0
where N = {0, 1, 2, 3, -+ } is set of natural numbers including zero element.

1.2 Traditional Binomial Coefficient
The factorial function or factorial (Annamalai et al., 2022k, 20221, 2022w) of a nonnegative integer
n, denoted by n!, is the product of all positive integers less than or equal to n. For examples, 3! =
1x2x 3=6and 0! =

n!

: . L . n
A binomial coefficient is always an integer that denotes (r) = m, wheren,r € N.

n+r
Here, (n + T) = ( ) = (n+1r) =1 X r!n!, where l is an integer.

rin!

2. Binomial Expansions and Combinatorial Geometric Series

When the author of this article was trying to develop the multiple summations of geometric series,
anew idea was stimulated his mind for establishing a novel binomial series along with an innovative
binomial coefficient (Annamalai et al., 2022r, 2022s, 2022t):

i i i i inxi o = (r+1)(r+2)(r+3)7~l—!~--(r+n—1)(r+n),
1=0 i=0

=iy i3=i Ip=ir—1

where n>1,r >0 and n,r € N 3)

n

Here, Z V/x"and V" refer to the binomial sereis and binomial coefficient respectively.
i=0
Let us compare the binomial coefficient V> with the traditional binomial coefficient as follows:

7!
Letz = x + y. Then, ()ZC) = zC, = W Here, Vy = zC, = zC,, (x,y,z € N).
Forexample, V3 =V3= (5+3)C;3= (5+ 3)Cs = 56.
I I

! 0!
Also, V2 = V' = nCy = nC, = —o1= L and VQ = 0C, = o= 1(+ 0! =1).

2.1 Computation of Combinatorial Geometric Series
The combinatorial Geometric Series (Annamalai et al., 2022d, 2022e, 2022f) is constituted by
double summations of a geometric series as follows:

n n n
ZZ z +z ‘2+z X' + - +Z x2=1+2x+3x2+ 4+ (n+1x",
i1= : :

n

that is, 1+2x+3x%2+ -+ (n+ Dx" =Z(l+1)x =ZVi1xl. (4)

i=0 i=0
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The triple summations of a geometric series compute the following combinatorial geometric
erles
n n n n
IIDNG =2, 2. ZZ Y Y s +ZZ =),V
= pr e —

i1=0iy=iq i3=iy i,=0 i,=2i3=i, =niz=i, i=

Similarly, we can obtain the combinatorial geometric series which is computed by multiple
summations of a series.

n n n n n
Surr =Y Y Y S e )
i=0 i1=0 i2:i1 i3—i2 iT:iT—l

n n
Note that the geometirc series Z xt = Z VPx! is also a combinatorial geometric sereis.
i=0 i=0

2.2 First Derivative of Geometric Series

Differentiation is the derivative (Annamalai et al., 2022i, 2022j) of a function with respect to an
independent variable. In this section, a geometric series is considered as the function of
independent variable x.

r
xr+1 -1

The function of geometric sereisis f(x) = z xt=1+4+x+x2+x34+-+x"= 1

i=0
The first derivative of geometric series is built as follows:

xTt -1 rx —r—1x"+1
fl(x)=1+2x+3x2+4x3---+rxr—1=f1< >=( )

x—1 (x—1)2
rx—r—1Dx"+1
= VI + Vix + Vix? + ViS4 VL x" 1 = ( = 1))2 (e # 1),
By substituting x = 2 in f1(x), we get the mathematical equation as follows:
(r—1)2"+1
1+ 2(2) + 3(2)2 + 4(2)3 + e+ r2m 1 = (2_—1)2 = (T' - 1)27' + 1.

Similarly, we get the following equations by substituting the values of x:

2r—1)3" +1 2r—1)3"+1
For x=3, 142(3)+3(3)2+4(3)% 4 tpz-1= G D31 @21 +1

3-12 22
_ Br-1)4"+1 @Br-1)4"+1
For x = 4, 1+2(4)+3(4)*+44)3+r4 1= G-07 - 32 :
_ _ - 1 (kr—r—1Dk"+1
For any number k that is equal to x, we get the equation Z Vikt = k=12
i=0
2.3 First Derivative of Geometric Series without Differentiation
n
. 1—=x"
Sum of the geometric series with negative exponents is that 2 xt= -1

i=1
The first derivative of geometric series with negative exponents is computed without using

differentiation as follows:
n n
. 1—=—x" ) 1—x
z ot = (2D Z =y x=F g o xnl = (g1
x—1 x—1

i=1 i=1

-n
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-1 -n—-1
) —x " +x
= (— x il = 72 _ 3 4 el o
( )Z x—1
=
n n n n
Then Z R z xoim1 _ Z e D Z xoic1
i=1 i=2 i=3 i=n
—x~1 4 x 1 N —x 24 x 1 _x 3 4yl - —x 4 x 1 ‘
x—1 x—1 x—1 x—1 (6)

By simplifying this expression, we get

g Xgx Tt axl _T‘an_n_l x4+ (x - 1)
Z(_l)x = x—1 B x—1 B (x —1)2
. N n+Dx—n)x™1-1
Thus, Z(—l)x = ( = 1))2 , (x=D. @)

This result denotes the derivative (Annamalai et al., 2022p, 2022q, 2022r) of geometric series with
negative exponents.
S |
Next, the sum of the geometric series with nonnegaive exponents is that Z xt =
i=0
The first derivative of geometric series with nonnegative exponents is computed without using
differentiation as follows

x—1

n—-1 n—1
Zx +Zx +Z xt+ - +2x‘+ xt
i=n-2 i=n-1
_x -1 x”—x+x"—x2+ _I_x”—x”‘2 X —xn 1
T ox—1 x—1 x—1 x—1 x—1
n-1 n-1 n-1 n— n—-1 n—-1
Here,in+in+in+---+ xt+ xt= ) (i+1Dx' and
i=0 i=1 =2 i=n-2 i=n—1 i=0
n_1 X" — xn_xz X" — n-2 XM xn—l nx™ ‘{L_—lei
+ + +oe + = =
x—1 x—1 x—1 x—1 x—1 x—1
n (X" —1
_nx “\x-1) (x—-n-1x"+1
B x—1 B (x —1)2
-1
Th nz:('+1) i_(nx—n—l)x"+1 1)
us, ' i xt = 1) , X )
=0
n-1
, - ((n—kx—Mm—k)—1)x™ + x*
Note that Z(l + xt = , (x #1).
L, (=12
=

These results denote the first derivative (Annamalai et al., 2022c, 2022d, 2022¢) of geometric series.
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2.4 The nth Derivative of Combinatorial Geometric Series
r r+1

A
y =f(x) = Z xt = —~—1 The derivatives of y are given below.
i=0

1 dy r—1 1 dzy r—2 1 d3y r—3 1 dny r-n

— 1 7 2,0 s — 7 3.0 it A N,
Tax = 2V = o _ZVi TR _ZVi X _ZVl . ®

=0 =0 =0 =0
The nth derivative [25] of geometric series is
r-n r—1

1dny i 1 . r+1_1 L 1 L xr+1_1
= 2V = 00 = gy () mhen vt = o ()

i=0 i=0

r-2 1 T+1 xr+1 -1
2.0 3
Zle 2!f<x—1> ZV <x—1) ©)
=0
are first, second, and third derivatives respectively.
2.5 Binomial Expansions equal to Multiple of 2
Let us develop some series of binomial coefficients or binomial expansions (Annamalai et al.,

20220 2022p, 2022q) which are equal to the multiple of 2 or exponents of 2 or both.
n n
() Z vt =2m, (ii)z i x VPt =n2n L, (iii) E(i + DV = (n+2)27 L,

(w)Z(l—l)V“‘—(n—Z)zn Loyr= H(TJH) (n=1r>0&n,r€N).

2.6 Relatlons between Blnomlal Expansion and Comblnatorlal Geometric Series

Relation 1: Z(l + 1DV + Z(l — VPl = Zl X V7t = n2nt,
i=0
Proof: Let us simplify the general terms in the two parts of binomial expansions as follows:
G+ DV + (- 1DV = 2iV"7". This idea can be applied to Relation 1.
n n n

Z(i + DR+ Z(i V=2 Z VP = (n+2)281 4 (n — 2)20 ! = 2020 L,
i=0 i=0 i=0
n n
Then, 2 Z iVl = 2n20 7 = Z iVt = n2n T,

i=0 i=0
Hence, Relation 1 is proved.

Relation 2: Z(L + 1)V Z(l — VPl = Z ynrtt=2m,

Proof: Let us S|mpI|fy the general terms in the two parts of binomial expansions as follows:
(i+ 1)Vt — (i—1)V2' = 2Vl This idea can be applied to Relation 2.
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n n n
Z(i + 1DV - Z(i — DV =2 Z VP l=(n+2)2" 1= (n—2)2""1 =4 x 271,
(=0 i=0 i=
n n
Then, 2 z Vil =220 = Z vt =2m, (10)
i=0 i=0

Hence, Relation 2 is proved.

2.7 Annamalai’s Binomial Expansion
Letn,r € N ={0,1, 2,3, }. The Annamalai’s binomial identity is given below:

V()T'+V17”+V2T+...+Vn7‘:Vnr+1<:> Vno+an+Vnz+...+Vnr— T LGV =M.

From the binomial identity V§ + Vi + VJ + --- + V;7 = V;7*1, we can derive the following
b|nom|al expansmns

(l)ZVO Zl—l+1+1+1+ +1+1_(n:1)

(u)le— (l+1)—1+2+3+---+n+(n+1)=(n+1)25"+2)_
(zu)ZVZ' (l+1)2El+2)_1+3+m+(n+1)2(!n+2):(n+1)(n?-,l—!2)(n+3)'
(w)zvg z(z+1)(1+!2)(1+3) (n+1)(n+21(!n+3)(n+4).

MEV“ (l+1)(l+21(|l+3)(l+4) (n+1)(n+2)(n;-!3)(n+4)(n+5)'

Slmllarly, we can continue this process up to r times. The r'" binomial expansion is as follows:

C L N EHDEHDE+3) (1) A DM +2) ()T + 1)
(T)-ZVL' —Z r! - r+ D! ’

From the binomial identity ;0 + V! + ;2 + -+ V7 = VI, we can derive the following
binomial expansions.
r

(i)ZVOi=V1r=1+1+1+1+1+---+1+1=r+1,(-.-VOT=1f0rr=(),1’2’...)_

= _ .

i 1 2 1| 2. " -
3 3x4 3X4X5XXr 4X5X6X--XrX(r+1)
(m)sz 44 =l+m+——+ - - — _

r

Similarly, the binomial expansion for Z Vi =V, isgiven below:
i=0
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+(n+1)+(n+1)(n+2) (n+1)(n+2)(n+3)+m+(n+1)(n+2)---(n+r)

1! 2! 3! r!
_(m+2)n+3)(n+r)(n+r+1)

7!
These expressions are called Annamalai’s binomial expansions.

2.8 Annamalai’s Binomial Identity and Theorem
A binomial theorem (Annamalai et al., 2022e, 2022f, 2022g) is constituted using the Annamalai’s
binomial identities (Annamalai et al., 2022i, 2022j, 2022K) is given below:
@) WW=vl=1forn=0,1,23,3,
(iiy vy =V, (m,r =21&m,r € N).
r T

(iid) Z V=Vt (OR) Z W=V G WM=VE& B=V=1).

Theorem 2. 1: ZV°+ZV1+ZV2 +ZV3 - Vln:Vrn++11—1-

i=0
T r T T

PTOOf.ZViO — V;'l; ZVL'I — Vrz; ZViz — [/;-3; s z Vin — VT'n+1'

i=0
By addmg these expressmns on the both S|des we get

n+1
ZV°+ZV1+ZV2+ZV3+ +2V” ZVL
n+1 n+1 n+1

Here, Y Vi = V2 + Y Wi=U® = > W—1=VE —1,(: 2 = 1),
i=1 i=1 i=0
ZW+ZW+§WM§}%—+ZW~;§—L 1)

Hence, theorem is proved.

NOtethatZV°+ZV1+ZV2+ZV3+ +ZV1 /AR

2.9 Combinatorial Geometric Series and Theorem
This Annamalai’s binomial expansion is applied into the following binomial series:

n

im erﬂi. (12)

i=0 i=0 j

The following theorem is derived from the Annamalai’s binomial Series.

n n n n n
Theorem 2.2: z Vit = z Vixt + z Vi_ixt + z Vipxt+ -+ Z Vi_pxt. (13)
i=0 i=0 i=1 i=2 i=n
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Proof: Let’s show that the computation of summations of the binomial series (right-hand side of the
theorem) is equal to the binomial series (left- hand side of the theorem).

ZVTx'+ZVlr 1xt +ZV1r oxt 4t Z Vi_ (n—-1)x" +ZVL Xt

i=n—-1
=W+ Vix+VIix24+ Vi3 + -+ VIx™m+ Vx+Vix?2+VIx3+Vix*t+ -+ VI_x™)
+(VEx2+ Va3 + VIx* + VIx® + -+ VI_x™) 4 o+ (V™ + V] x™) + Vi x™

=Vi+ W +VDx+ WV + VI +VDx2+ -+ (V] + VI + V] + VI +-+ V] x™ (14)

(Note that VP + VP + VP + -+ VP =P forr =0,1,2,3,, and VP = VP*" = 1)
n
— Vg'+1 + V1T+1x + V27"+1x2 + V3r+1x3 + V4T+1x4- + s + V{i‘%xnl + V;Lr+1xn — Z Vlr+1xl
i=0
Hence, theorem is proved.

3. Binomial Expansion equal to the Sum of Geometric Series

Binomial expansion denotes a series of binomial coefficients. In this section, we focus on the
summation of multiple binomial expansions or summation of multiple series of binomial
coefficients.

TheoremBIZ i(i)+2(2)+z )+ +Z )=2m1 -1,

0
This binomial theorem states that the sum of multiple summatlons of series of binomial coefficients
(Annamalai et al., 2022m, 2022n, 2022p) is equal to the sum of a geometric series with exponents
of 2.
Proof. Let us find the value of each binomial expansion in the binomial theorem step by step.
0
|

step0: (D) =gi=1=> (%)= (9) =2

Step 1 Z(})=((1))+(i)=1+1=21.
Step 2 ;(f)=(§)+(i)+(§)_1+2+1— 4 =22
Step 3: ;(f) =C)+C)+(C)+ () =1+3+3+1=8

n

Similarly, we can continue the expressions up to "step n" such that Z (?) = 2"
i=0
Now, by adding these expressmns on both sides, |t appears as follows

Z(?)+ZC)+Z(Z)+Z + +Z Z

i=0 i=0 i=0 i=
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2n+1 -1
where Z 2t = 51 = = 2™*1 — 1 is the geometric sereis with exponents of two.

1 2 3 n

YA NGV EONAREE

. ; [
1= 0 i=0 i=0 1=0 =0

Hence, theorem is proved.

Some results of Theorem 3.1 are given below:

2 3 p-1

@R+ RO R0+ F O+ T2 - rmer spen
i=0 i=0 =0
2 3 p-1

() 20+ 2 (s 3 (1) ==z
Lol i=ol i=0 l

By subtracting (a) from (b) We get

1

S0 S0 S (SO Ser)-ne

i= 0 i=0 i=0 i=0
p+1 p+2 q—2 q—-1
l.e.,Z(’?)+Z(p{’1)+Z(p{r2)+ + (q—.2)+ (4 1)—2q—2P
i=0 l i=0 ! i=0 ' i=0 l i=0 !

wherep< q &p,q € N.

By adding (a) and (b), we get
0

(2030 )-(&

+
PR
M°
+
M-
—
~o =
~—
+
+
—~
L)
—_
~—
~—
|
N
<
+
N
=
|
N

=0 i=0 i=0 i=0 i=0
1 p—1
Ifp=gq,  then 2 Z(? +Z(1 +- +Z Pol) =2 -2 =207 - 1),
i=0 i=0 i=0
0 1 2 3 p-1
ie z +z +Z +Z N+t ) (P71 =2~ L where1<qeN. (15)
i=0 i=0 i=0 i=0 i=0

Theorem 3.2: Z +Z(k‘;1) Z k+2 _|_ +Z — on+l _
i=0 i=0

wherek<n&kn € N.

Proof. The sum of a geometric series with exponents of 2 is given below:
n

Zzi — 2n+1 —Zk
=k

k :fllenZ :i k+1 +I:Z+jn(k+2) .+Z(?)=ZZ".
2 (’l‘) + Z (k 4 Z ( )+t Z = 2n+ - (16)
i=0 i=0 =0 i=0

Hence, theorem is proved.
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Some results of Theorem 3.2 are given below:

() Z — g+l _gn = gn, (ii)Z ("7 D+ i () = 2122 - 1) = 32",

i
n-1

(uz) ( l 2) > ("7 hH+ z (1) =2t —2n2 = 27223 - 1) = 7(272).
0
2

i
i=0

i=

n - n

(iv) z Z ("7 )+ z ("7 + 2 = gn+l_gn=3 — 15(2n-3),

1=0 i=0

These results can be generallzed as follows

p p+1 p+2 q-1 q
S OSSO e ST S s
i=0 i=0 i=0 i=° t=0

where 0 <p <qgandp,q € N.

1 2
Theorem 3. 3: Zl(})+21 + z Z (’l.‘)z(n—1)2"+1.
i=1

i=1 i=1 i=1

Mw

Proof. Let us find the value of each binomial expansion in the binomial theorem step by step.
1

Step 1: 1(1)=(i)zlll—é'=1:>2i(})=1=1x2°, 0! = 1).
Y i=1

2

Step 2: Z i (f)

1(i)+2(§)=2+2=4=2x21.

)+2(;)+3(§)=3+6+3=12=2><21.

Step 4: Zi(?)=1(1})+2(§)+3<§)+4(i)=4+12+12+4=4><23.

n

95}
o~
)
S
w
~.
e
~ DN
N——
Il
—
VY
= W

Similarly, we can continue the expressions up to "step n" such that Z i (Yll) =n2" 1,
i=1
Now by addlng these expressmns on both sides, it appears as follows

S S )+ D)« e

i=1 i=1 i=1
n

whereZixZi =(n—-1)2"+1.
i=1

il(i)+il(f)+il +iz Z (M =m-D2r +1. 17)

Hence, theorem is proved.
Some results of Theorem 3.3 are given below:
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{ii(})éi@+ii(§)+...+ii(';)+§i(kj1)+...+’§i(nj1)}

i=1 i=1 1 i=1 5 i=31 =1 K i=1
_{Zi(})+zi(§)+_ i(§)+...+zi(’;)}=nzn+1_kzk+1
=1 =1 =1 =1

N (k1)L N (k2 C oy LN Dy oo ok

(¢ )+Zl( ! )+---+21(i)+21( 1) = 22" — k2% and
X i=1 1 i=1 i i=1 n i=1
Zi(’lf)+Zi(kJ{1)+---+. i(”;1)+. i() = 20— 2" — (k- 1241},
=1 =1 =1 =1

where k <n & k,n € N.

n-1 n-1 n
Theorem 3.4: (p + 1) J Z VP ixt dx+C=(p+1) J Z VP xl dx+1 = Z VPxt,
i=0 i=0 i=0

where C is the constant of Integration and C =1 because 1 is the first term of geometric series.

Proof. Let us prove the theorem on integral calculus using the following binomial expansions.

Z VPxi =1+ (p ; 1) (p + 1)2?9 + Z)x - (n+ 1D(n +p'2) . (n+p) o

-
o

S
[y

PP 4 (p + 2) (p +2)(p+3) , S nn+1)n+2)..(n+p) 1
~ i 1! 2! (p +1)!
1=
Let’s prove that the integration (left-hand side of the theorem) is equal to the binomial series (right-
hand side of the theorem).

n-1

J— oos C.
1 2 2! 3 (p+1)! n +
+1 +1 + 2 +1D(p+2 +3
(pH)jZVpH [ dy (p ) (p )(p )x p+D{p+2)(p )x3
2! 3!
n+1)(n+2).(n+
+( ) p') ( P) x™, where C = 1.
n—1 n-—1 n
+1_g +1_ i
(p+1)fZVip x‘dx+C:(p+1)fZVip x‘dx+1=zVipx‘
i=0 i=0 i=0
Hence, theorem is proved.
Some results of Theorem 3.4 are given below:
n ] xn+1 -1
Letp—OThen(p+1)fZVp+1‘dx+1—fZV1‘dx+1_2 l:ﬁ'

i=0
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n-1 n n-1 (rx—r—1Dx" +1
Letp = 1.Then ij Vix'dx +1 szi1xi = 2 Vix' = (x —1)? ,
i=0 i=0 i=0

which is the first derivative of geometric series. More details about the first derivative of geometric
series are given in Section 2.1.

In general., the integration of summation of geometric series is constituted as follows:

n-1 n n
(p+1) f Z VP Xt dx + C = z VE apyxt + V2 xt = Z VP xt, (18)
i=k i=k

i=k+1
where the integral constant is € = Vﬁkxi because it is the first term of the series.

4. Conclusion

In this article, the n'" derivative (Annamalai et al., 2022x, 2022y, 2022z) of geometric series has
been introduced and its applications used in combinatorics including binomial expansions. Also,
computation of the summation of series of binomial expansions and geometric series were derived
in an innovative way. Theorems and relations between the binomial expansions and geometric series
have been developed for researchers, who are working in science, economics, engineering, and
management,
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