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Abstract

Black—Scholes partial differential equation is a generally acceptable model in financial markets for
option pricing. However, without variable transformations, the provision of symbolic solutions to
the variable coefficient partial differential equation is not a straight-forward task. Moreover, the
coefficients of the Black—Scholes can depend on the time and the asset price which makes the
analytical solution of the Black—Scholes model very difficult to develop. In this paper, analytical
solutions of the model of valuations of financial options are presented using Laplace and differential
transform methods. The results of the solutions of the Laplace and differential transformation
methods are compared with the results of the exact analytical solutions. Moreover, numerical
examples for different options pricing are presented to establish the applications, speed and accuracy
of the hybrid methods.

Keywords: Black—Scholes model. Partial differential Equation. Financial Market. Option pricing.
Laplace-differential transformation method.

1. Introduction

The last few years have witnessed tremendous growth in the financial and economic fields owing
to the continuous increase in the number of investors and funds in the investment activities as well
as diverse financial derivative products which serves as alternative investments. In such activities,
financial derivates act as the investment instruments that are derivatives of a financial asset which
value depends on the price of the financial asset such as an option contract.

The options are derivatives of financial securities that give or allow buyers the right, but not the
obligation, to buy or sell an underlying asset at a stated (strike) price within a specific timeframe as
specified in the contract [1]. An option can be an American option or a European option. An
America option is an option which can be exercised at any time until expiration or maturity date
while a European option is an option which can be exercised only at a fixed expiration or maturity
date [2].
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The European option can be of two types, namely, call option and put option. These two options are
the basis for a wide range of option strategies that are designed for hedging, income, or speculation.
Call options give or allow the buyer or the holder the right, but not the obligation, to buy the
underlying asset such as stock, bond, or commodity at a stated (strike) price within a specific
timeframe in the contract. Put options give or allow the buyer or the holder the right, but not the
obligation, to sell the underlying asset at a stated (strike) price within a specific timeframe in the
contract.

Option pricing has been efficiently modelled by the well-known Black—Scholes second-order
partial differential equation [3]. The Black-Scholes model can be used for European or American
option pricing [4-6]. In order to achieve this, there have been several attempts to produce analytical
solutions to the second-order partial differential equation [6]. However, the coefficients of the
Black—Scholes can depend on the time and the asset price. Consequently, the analytical solution of
the generalized Black—Scholes model is not a straight-forward task.

Therefore, over the years, various numerical methods have been presented to solve the option
pricing problems [7-20]. In the computational adventures for the numerical solutions for the Black—
Scholes model, Kadalbajoo et al. [21] adopted a method of cubic B-spline collocation for the
generalized Black—Scholes model while Valkoy [22] utilized a fitted finite volume method for the
same financial model. Huang [23] explored a cubic spline method for the generalized equation of
option pricing. In a further work, Mohammadi [24] applied a coupled approach of quintic B-spline
collocation method, Euler method and Crank—Nicolson method to solve the second-order PDE for
the valuations of financial options.

The various applications of finite difference method depict the fact that the numerical method is an
accurate and efficient method for the financial problem. Also, it ensures stability of the scheme for
any given volatility and interest rates. Indisputably, it is required that the qualitative properties of
the solution are reproduced by the numerical methods, but most option pricing have inherent non-
smooth payoffs or discontinuous derivatives at the exercise price. Under such situation, the
conventional finite difference schemes with non-smooth payoffs and large time-steps are not
efficient because of the presence of the discontinuities in the source terms. Furthermore, in the
course of estimating the hedging parameters, the unwanted oscillations become very challenging.

Therefore, in the recent years, different approximate analytical or series solutions methods such as
homotopy perturbation method, homotopy analysis method, variational iteration method, projected
differential transformation method, Adomian decomposition method [25-32] have been utilized to
solve the Black-Scholes pricing model. Such series solutions methods are very essential and
necessary especially when there are considerations of more complicated option pricing problems
that do not accept symbolic solutions in simple closed forms. However, the series solutions provide
a non-smooth analytical solution at a single point, i.e., when the exercise or strike price is equal to
the stock price [33]. Consequently, Sumiati et al. [34] developed non-series solutions with partly
series solution method for the Black—Scholes second-order partial differential equation using
Laplace-Adomian decomposition method.

However, the relatively high computational efforts and time in the determination of Adomian
polynomials during the application of Adomian decomposition method has been the major drawback
in the approach. In the quest for a relatively simplified approach, the obvious advantages of
combining Laplace transform with differential transform method for solving nonlinear differential
equations are well established. Indisputably, the various applications of Laplace-differential
transformation method have shown that the hybrid method can produce solutions to nonlinear
differential without linearization, restrictive or weak nonlinear assumptions, perturbation,

discretization.
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The hybrid method is very simple in approach and well applicable in solving algebraic, integral,
stochastic differential equations, differential and integro-differential equations of integer or
fractional order. To the best of the authors’ knowledge, such a hybrid transformations method has
not been applied to solve Black-Scholes’ model. In this paper, an analytical solution for the model
of European option is presented using Laplace-differential transformation methods. Also, the partly
series solution method is used to develop non-series solutions for the call and put options pricing.
The results of the solutions of the Laplace and differential transform methods are compared with
the results of the existing exact analytical solution. Moreover, numerical examples for options
pricing and parametric studies are presented to establish the applications, speeds and accuracies of
the hybrid method.

2. The Black-Scholes Model

The Black-Scholes model is a mathematical model for the valuation of financial options. The
derivations of this model can be found in the Appendix. The Black-Scholes second-order partial
differential equation is given as [3, 4 and 5].

2
N1V N o
o 2 0S 0S

where

V is the value of the option which explicitly depends on the current asset price and time.

S is the current price of the underlying asset

r is the interest rate (risk-free rate)

t is time to maturity or expiration

o is volatility of the underlying asset

The required value V (S, t) will provide us with the information on how much should be paid now,
at time t, to hold that option if the current asset price is S.

The above Black-Scholes Model is based on the following assumptions [3]:
i.  The stock price V follows the Geometric Brownian Motion with constant drift pand
volatility o.
ii.  The short selling of securities with full use of proceeds is permitted
iii.  There are no transactions costs or taxes. All securities are perfectly divisible.
iv.  There are no dividends during the life of the option.
v.  There are no riskless arbitrage opportunities.
vi.  Security trading is continuous.
vii.  The risk-free rate of interest, r, is constant and the same for all maturities.

If the option is to buy the asset, it is a call option, C. Ifit is to sell asset, it is a put option, P.
The Black-Scholes equation and boundary conditions for a European call option with values C(S, t)
are, as described in.

2
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With the initial condition
C(S,0)=max(S—E,0) (3)

And the boundary conditions
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C(0,t)=0, C(S,))0S, S—>oo (4)
E, T and r are the exercise (strike) price and the expiry, respectively

The above partial differential equation with variable coefficient as presented in Eq.(2) can be
transformed to partial differential equation with constant coefficient using the following variable
transformations:

S = Ee*, t=T—1T , C=Ev(xt) (5)
2

Applying Eq. (5) in Egs. (2), (3) and (4), we have

o oV ov
—=——+(k-1)——kv 6
or Ox? ( )ax ©)
where
2r
k=23 (7)
(o2

The initial condition for the European option is

v(x,0) =max(e* —1,0) (8)

And the boundary conditions
C
v(0,7) =0, v(x,r)DE, X — 0 9)

3. Analytical Solutions Black-Scholes Model using Hybrid Transformation Methods
Indisputably, the Black-Scholes model can easily be solved numerically. However, in the analysis
of the transient problems, we made recourse to symbolic solutions of the problems. Such symbolic
solution will provide better physical insights into the importance of model parameters than the
numerical methods. In the generation of the analytical solutions to differential equations, the
practical significance of transform methods facilitates observation of great many properties and
hidden views, of both mathematical and physical interest, which are not yet well known and have
not met with proper appreciation. Consequently, hybridizing Laplace and differential transformation
methods, analytical solutions are developed for the Black-Scholes option pricing model as presented
in this work.

3.1. Laplace transform method (LT)
The LT of function &(t) and corresponding inversion are enumerated as

0(s) = | e o(t)dt (10)

o(t) = % | : e e(s)dt (11)
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where s=a+ib (a, b € R) is a complex number.

3.2 Differential Transformation method
Due to the nonlinear terms in Eq. (11), we combined differential transformation method (DTM) to
the Laplace transform. This is because of its relative simplicity and advantages for providing the
acceptable symbolic results. The definition, basic definitions, principle and the operational
properties of the method are given below

3.2.1 The basic definitions and operational properties of DTM
If u(t) is analytic in the domain T, then it will be differentiated continuously with respect to time t.

du(t) _
d k

otk)  for allteT (12)

for t =1, , then o(t, k) = o(t,, k) , Where k belongs to the set of non-negative integers, denoted as
the k-domain. Therefore Eq. (12) is expressed as

U<k):<o(ti,k)={d dfft)} 19

Wherey, is the spectrum of u(t) at t=t,

If u(t) can be expanded by Taylor’s series, the u(t) can be written as

u() = Z{ } U (k) (14)

u(t) is the inverse of U (k)

Eq. (14) can be written as
u(t) = Z{ ]U (k) =D (k) (15)

where ‘D’ denotes the differential transformation process and D™ represents the inverse.

3.2.2. Operational properties of differential transformation method
If u(t) and v(t) are two independent functions with time (t) where U (k) and Vv (k) are the

transformed function corresponding to u(t) andv(t), then it can be proved from the fundamental
mathematics operations performed by differential transformation that

. If z(t) =u(t) £v(t), then z(k)=UK)=xV (k)

ii. If z(t) = au(t), then Z(k) =aU (k)
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i, If 2(t) = , then Z(k) = (k-1 U (k +1)

du(t)
dt

K
iv. If z(t) =u(t)vr), then Z(t) =D V(I)U (k1)

i=0

K
v. If z@y=um (@, then Z(t)=> U™ (WU (k1)

1=0

Vi If 2@ =um @yt @, then Z(t) = { V(ua-p] _Z[V(j)um—l—j)]}

1-0 j 1=
k
vii.  If z@t) =u(t)vr), then Z(k)=> (I+1V(I+DU(k-1)
1=0

k=m

1
viii.  If =tm, then Z(t) =
2=t ® {0 k #m

3.3 Solution Procedures for the Financial Model

Applying Laplace transform to the space domain in Eqg. (6), we have

?=32\7—sv0—v5+(k —1)(sV—v,)—kv (16)
T

Collecting like terms, we have

XN _ 27—V}, + (k —1)sV — kv (17)
or

Which can be written as

gﬂ:szV—vngs(k—l)V—kV (18)
.

Applying differential transform to Eq. (18), we obtain
(M+1)V (m+1) = sV (m) —v; A(m) +ksV (m) — sV (m) =KV (m) (19)
Therefore, we have

1
s

V(m) = [(m +1)V (m+1)) +vyA(m) —ksV (m) + sV (m) + kVN(m)} (20)

where
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1 m=0

The inverse Laplace transform From Eq. (20) is

V(m)=L" Liz[(m +1)\7 (m+1))+veA(m) - ksV/ (m) + sV (m) + k\7(m)ﬂ (22)
The initial condition has been given in Eq. (8) as

V, =max(e* —1,0) >V (0) = max(e* —1,0)

After straightforward iterative steps and Laplace inversion of Eq. (22), we have

V (1) = kmax(e*,0) — kmax(e* —1,0); (23)
1, » 1, X

V(2)={Ek max(e ,0)—§k max(e —1,0)} (24)
1., x 1l x

V(3) :€k max(e ,0)—€k max(e* —1,0) (25)

V(4) —{i k*max(e* 0)—ik“max(eX -1, 0)} (26)

|24 24
Generally,
V(n) = (—1)n+1 {1 k"max(e*,0) L k"max(e* -1, O)} (27)
n! n!
Forn=1,2,3....

From the definition of differential transformation method
V(x,7) =V(0)+V D) +V (27> +VB)r* +V (4)r* +..+V(n)r" (28)

Therefore, we have

v(x,7) = max(e* —1,0) +[kmax(ex,0) —kmax(e* -1, O)Jr—[%kzmax(ex,O) —%kzmax(ex -1, 0)}12
+F k®max(e*,0) —lkg’max(eX -1, O)}f —[i k“max(e*,0) —ik“max(eX -1, O)}r“ (29)
6 6 24 24

+ot (—1)n+l [% k"max(e*,0) —%k”max(ex -1, 0)}n

Which gives,
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v(x,7) = max(e* —1,0) + kzmax(e*, 0) — krmax(e* —1,0) —%(kr)2 max(e*,0) + % (kz)*max(e* —1,0)
+ % (kz)*max(e*,0) 1 (kr)3max(eX -1,0) —i (kr)“max(eX ,0) + i(kr)“ max(e* —1,0)

+ot (-1 )“*1[ (kz)" max(e* O)——(kr) max (e” 1,0)}

We can write that

V( 7) = max(e ~1.0)+ > (-1)"™ E(kf)“max(eX,O) —%(kt)” max(e” —1, 0)}

n=1
Recall that
2r
«_S, T, _Ccxh, k=2
e = t:T_l . v(X,t) —E o
— O
2
Therefore,

C(x,t)= E{max[z—l, O)+n§£(_1)m[;ET_t)T{max(z,o)— max(;—l, Oﬂ}

Furthermore, we can the collect like terms in Eq. (30) to have

V(x,7) = krmax(e”, 0) —%(kr)zmax(ex,O) +%(kr)3max(ex,0) —i(kr)“max(e*,O)

(- [% (kz)" max(ex,O)} T ..+ max(e* —1,0)—krmax(e* —1,0) +%(kr)2max(ex ~1,0)

—%(kr)"’max(eX -1, O)+2—14(kr)“max(eX -1,0)—(- )n+1 1 (kz’) max(e* —1,0)

After factorization
V(X,7) = {1 kr+= (kr) ——(k )2 tog (kr) —.—(—1 )”*l[ (kz)" }}max(ex—l,O)
+{kr—1(kr)z+1(kr)3_i(kr)4+...+( )”“[ (kz)" }}max(ex,O)
2 6 24
By series expansion,

“ xl-Kkr+> (kr) ——(kr) o (kr) - (-1 )"”{ (kr)}

—kz T—E T2 1 TS_i T4 n+l
1-e™ wke = (ko) +2 (k) 24(|<)+...+( 1) { (k)}

Therefore, the above Eq. (35) can be expressed as,

(30)

(31)

(32)

(33)

(34)

(35)

(36)
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v(x,7) =max(e" —1,0)e " +max(e,0)(1-e ™) @37
Recall that
exzé, t:T_lz—Z, v(x t)—C(ét) kz%, T=%0‘2(T—t)—>kr=r(T—t)

— O

2
Therefore, Eq. (37) becomes

S S —r(T-t)
C(x,t)=E {max [E—l oj )+ max(E Oj(l )} (38)
In conclusion, the call and put option price models are given

S _ S —r(T-t)
C(x,t)= E{max[E—l oj +max(E Oj(l—e )} (39)
and
P(x,t)=Ee" " -S+E {max (% -1, Oj e "™ 4+ max (% , 0](1—e‘r(”) )} (40)

The accuracy of the finite difference solutions can be tested when the results is verified with the
results of the analytical solution which is obtained by Fourier transformation. The analytical solution
is given as

C(S,t)=SN(d,)-Ee """ N(d,) (41)
and
P(S,t)=Ee""IN(~d,)-SN(-d,) (42)
where
(3ot (T-0| 01 o $)eerir- t)[l 1}
d, - 27 ), 27, (43)
O'\/T -t 2 oNT -t

On substituting Egs. (43) into Egs. (41) and (42), we have

6.5 In(i)+[r+;o—2j(T—t) o In(§)+(r—;o—2j(T—t) "

G\/T —t o*«/T -t

and
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P(S,t)=Ee "N —In(i}rgi/_;_jzj” Y ~SN —In(i}rgr\/i:zj”_t) (45)
where

132
e2 ds

NG =]

T - tis the time remaining till expiration as at time t; N(#) is the cumulative normal density function.

4. Numerical Examples and Parametric Studies

We consider the valuation of European call option with 1 year to expiration. The stock price is given
S =(21.74, 26.62, 30.56, 34.90, 39.38), the exercise/strike price of K = 0.8, the risk-neutral interest
rate is 0.03 per year, and the volatility is 0.25 per year. Therefore, we have the following: S = (21.74,
26.62, 30.56, 34.90, 39.38), K=0.8, T=1, r =0.03, 0 = 0.25.

Table 1 shows the comparison of results of the Laplace and differential transformation methods and
that of the existing exact analytical solution. It could be seen that the results are in excellent
agreements. However, the results of the Laplace and differential transformation methods are
obtained with less computations and converge faster than that of the exact solutions. This attests to
the efficiency and accuracy of the Laplace and differential transformation methods.

Table 1: Comparison of the results when K=0.8, T=1, r =0.03, ¢ = 0.25.

Stock Price Call Option Price (Exact Solution) Call Option Price (LT-DTM)
21.74 20.96 20.96
26.62 25.84 25.84
30.56 29.78 29.78
34.90 34.12 34.12
39.38 39.60 39.60

Moreover, Table 2 presents the comparisons of the CPU time of the exact analytical method and the
hybrid method. It can be stated that the hybrid method applied in this work is faster and posses low
computational time than that of the exact analytical method. In order to know the effect of the
changing call option price on the stock price. Table 3 presents different call option prices case where
after one month, the price of the same call option now trades at $15.04, 20.08, 25.32, 32.84 and
37.96 with expiry time of two months.

Table 2: Comparison of CPU time

CPU time (s)
o Exact Solution LT-DTM
0.1 1.65 0.08647
0.2 1.73 0.09898

Table 3: Comparison of the results when K=95, T =2/12, r=0.01, ¢ =0.5.

Option Price Stock Price (Exact Solution) Stock Price (LT-DTM)
15.40 106.64 106.16
20.08 112.56 112.56
25.32 118.68 118.68
32.84 126.91 126.91
37.96 132.31 132.31
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The combined effects of the simultaneous variations of the strike and stock prices on the call option
price is presented in Table 4 when the expiry time is two months, the interest rate (risk-free rate) is
0.01 and the volatility of the underlying asset is 0.5.

Table 4: Comparison of the results when T =2/12, r=0.01, 6 =0.5.

Strike Price Stock Price Option Price (Exact Solution) Option Price (LT-DTM)
75.00 88.32 15.40 15.40
80.00 94.56 16.72 16.72
85.00 101.19 18.36 18.36
90.00 106.78 19.14 19.14
95.00 113.17 20.58 20.58

5. Conclusion

In this study, for the first time, hybrid method of Laplace and differential transformation methods
have been successfully applied to the Black—Scholes Equation for valuations of financial options.
The partly series solution method have been used to develop non-series solutions for the call and
put options pricing. Numerical examples for the European option valuations were presented. The
efficiency, accuracy and speed of the Laplace and differential transformation methods were shown
when the results of the new method were compared with the results of the existing exact analytical
solutions. It was established that the results obtained converge faster to their associated exact
solutions. The method displayed low cost of computation. Therefore, it could be stated that the LT-
DTM is very efficient, reliable, and faster in application. The hybrid method can produce highly
accurate solutions to nonlinear differential without linearization, restrictive or weak nonlinear
assumptions, perturbation, discretization, The method is well applicable in solving algebraic,
integral, stochastic differential equations differential and integro-differential equations of integer or
fractional order. Hence, it is strongly recommended for solving differential equations in financial
mathematics, applied sciences and engineering.
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Appendix
Derivation of the Black-Scholes Model
The developed Black-Scholes Model which is also called Black-Scholes-Merton Model is derived
in this section.

Taking the underlying asset to follow the geometric Brownian motion,

%S _ udt + odW (A1)
Which gives

dS = 4Sdt + oSdwW (A2)
where

S is the stock price or current price of the underlying asset

dW is the Weiner process

t is time to maturity or expiration

M stock price rate expectation (the expected rate of return on the stock)
o is volatility of the underlying asset (stock price movement level)

Given that V is the value of the option which explicitly depends on the current asset price (stock
price) and time. With the aid of Ito lemma, we have

oV oV 10V 2
dV =—dt+—dS+=—(oS) dt
o Tt o5 8 +5 557 (08) (A3)

On substituting Eq. (1.10) into Eg. (1.11), we have

oV oV 1 0%V 2
dV =—dt+—(uSdt + cSdW )+ =— (oS ) dt

Let a portfolio consists of one option contract and a number of stocks such that the value of the
portfolio can be defined as

1=V —-AS (A5)
where
oV
A= Ab
oS (A6)

The change in the value of the portfolio is given as

dIT=dV —AdS (A7)
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On substituting Eqg. (A4) into Eq. (A7), we have

=N at+ st osaw )+ 2V 02570t - ads
e 235

The change in the value of the portfolio as a result of risk-free (riskless) interest rate, r, can be

written as
dIT=rI1dt

Substituting Eq. (A8) into Eqg. (A9), we have

a—Vdt+8—V(ySdthdW)+3ﬂ02$2dt—Ads = rTIdt
ot S 208

Which is further simplifies to

ﬁ+&[;¢s +USMJ+1QUZSZ— Ez Il
ot 0S dt /] 20S dt

Recall from Eq. (A3) that

n-v-s
oS

The substitution of Eq. (A12) into Eq. (Al11) results into

%+%(y8 +0S dﬂ}+——6282

V-—38
ot oS dt 2 0S? dt

10% das ( avj
—A—=r
oS

Which can be re-arranged and written as

ﬂ+lazszﬂ+r8ﬂ—rV=Ad—S— ,uS+O'Sdﬂ N
ot 2 0S 0S dt dt ) oS
ov

In Eq. (A6), A=-"-

g. (A6) s
Therefore, Eq. (A14) can be written as
&+10282ﬂ+r8g—rV:%d—s— ,uS+0'Sdﬂ N
ot 2 0S 0S oS dt dt ) oS
Which can be further expressed as
&+10282Q+r8ﬂ—rV= d—S—(,uS+O'Sdﬂ] N
ot 2 oS 0S dt dt /| oS

From Eq. (A2), one can derive that

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)

(Al4)

(A15)

(A16)
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ds dw
94 _ s5iosdW Al17
at T gt (AL7)

Which implies that

((jj_?_(ﬂs+68(j(j_vt\/j:0 (A18)

This reveals that the expression in the block bracket of Eq. (A16) is zero. Which makes the RHS of
Eq. (A16) is zero. Therefore, we have the Black-Scholes Model as

N 1 ,.,0V oV
—+-0S"—+1S—-1V =0 Al
a 277 st U as (AL9)

where C is Price of a call option, S is stock price or price of underlying asset, K is the strike/exercise
price, ris the riskless rate, T is time to maturity, is variance of underlying asset, is standard deviation
of the (generally referred to as volatility) underlying asset and is the cumulative normal distribution.




