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Abstract
This article presents substantial advances in the analysis of the Navier-Stokes equations for
both compressible and incompressible fluids, focusing on the formation of singularities, hyper-
complex bifurcations, and regularity in Sobolev and Besov spaces. Through new theorems, we
extend the theory of singularities in fluid dynamics and introduce quaternionic bifurcations,
representing an innovative extension of classical bifurcation theory. Moreover, we delve into
the investigation of the regularity of compressible fluids, exploring the conditions under which
solutions remain smooth or develop singularities. These contributions are fundamental to the
understanding of global regularity issues, directly linked to the renowned Millennium Prize
problem, which seeks definitive answers on the existence and smoothness of solutions to the
Navier-Stokes equations. Additionally, we discuss how these theoretical advancements offer
new approaches to unresolved problems related to the formation of singularities in turbulent
flows and the multiscale behavior of solutions, which are crucial for a comprehensive under-
standing of fluid dynamics. This work not only broadens the scope of traditional mathematical
analysis of the Navier-Stokes equations but also establishes a robust theoretical framework
for the investigation of bifurcations and regularity in advanced functional spaces, fostering a
deeper understanding of global regularity phenomena and the complex dynamics governing
fluid systems.
Keywords: Navier-Stokes. Singularities. Bifurcations. Regularity. Sobolev and Besov
Spaces.

Resumo
Este artigo apresenta avanços substanciais na análise das equações de Navier-Stokes para
fluidos compressíveis e incompressíveis, com foco na formação de singularidades, bifurcações
hipercomplexas e regularidade nos espaços de Sobolev e Besov. Por meio de novos teoremas,
estendemos a teoria das singularidades na dinâmica dos fluidos e introduzimos bifurcações
quaterniônicas, representando uma extensão inovadora da teoria clássica das bifurcações.
Além disso, nos aprofundamos na investigação da regularidade dos fluidos compressíveis,
explorando as condições sob as quais as soluções permanecem suaves ou desenvolvem sin-
gularidades. Essas contribuições são fundamentais para a compreensão de questões globais
de regularidade, diretamente ligadas ao renomado problema do Prêmio do Milênio, que busca
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respostas definitivas sobre a existência e suavidade de soluções para as equações de Navier-
Stokes. Além disso, discutimos como esses avanços teóricos oferecem novas abordagens para
problemas não resolvidos relacionados à formação de singularidades em fluxos turbulentos e ao
comportamento multiescala de soluções, que são cruciais para uma compreensão abrangente
da dinâmica dos fluidos. Este trabalho não apenas amplia o escopo da análise matemática
tradicional das equações de Navier-Stokes, mas também estabelece uma estrutura teórica
robusta para a investigação de bifurcações e regularidade em espaços funcionais avançados,
promovendo uma compreensão mais profunda dos fenômenos de regularidade global e da
dinâmica complexa que governa os sistemas de fluidos.
Palavras-chave: Navier-Stokes. Singularidades. Bifurcações. Regularidade. Espaços de
Sobolev e Besov.

Nomenclature
In the vast realm of communication, symbols and notations emerge as powerful tools, tran-
scending language barriers to convey complex ideas with precision and brevity. Each part of
the text carefully explains the various notations and their meanings, ensuring a comprehensive
understanding of the technical nuances.

1. Introduction

The Navier-Stokes equations play a central role in fluid modeling across various fields in
physics and engineering, but the question of global regularity remains open and constitutes
one of the seven Millennium Prize problems. Understanding the regularity and the formation
of singularities in solutions of these equations is key to solving this problem. This article
focuses on three main aspects:

1. Theory of Singularities and Global Regularity: Investigates the formation of
singularities in incompressible Navier-Stokes solutions.

2. Study of Bifurcations and Chaos in Sobolev and Besov Spaces: Examines
hypercomplex bifurcations in quaternionic systems that can describe rotational fluids.

3. Extension to Compressible Navier-Stokes Equations: Extends the analysis to
compressible fluids, emphasizing phenomena such as shock formation.

Throughout this work, we present new theorems and detailed mathematical proofs that
propose significant advances in understanding global regularity and bifurcation problems in
fluid systems.

2. Singularities in Incompressible Navier-Stokes Equations

2.1 Historical Background and Early Contributions

Research on singularities in solutions of the Navier-Stokes equations began with the work
of Ladyzhenskaya (1969), who developed the first regularity criteria. Constantin (1990), later
contributed to the theory of long-term behavior, introducing energy estimates that remain
fundamental in studying singularities.

Subsequent studies focused on local regularity in Lp−Lq spaces, including the Ladyzhen-
skaya, Prodi and Serrin criteria (Ladyzhenskaya (1969)), Prodi (1959) and Serrin (1962), which
relate regularity to the integrability of solutions. Extending this analysis to fractional Sobolev
spaces has become a recent direction in research, allowing for the characterization of regularity
in highly turbulent fluids.

The authors dos Santos and de Oliveira Sales (2023) present in this work an essential
mathematical analysis for a broader investigation of the regularity of the Navier-Stokes equa-
tions. Within this context, the authors represent a significant advance with the Smagorinsky
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model integrated with the LES methodology. Using the Banach and Sobolev functional spaces,
we develop a new theorem that points a way towards the creation of an anisotropic viscosity
model. Initially, the effort focuses on providing a comprehensive mathematical analysis, with
the aim of promoting a deeper understanding of the challenge inherent to the regularity of
the Navier-Stokes equations.

The authors dos Santos and de Oliveira Sales (2024) address the uniqueness and regu-
larity of solutions to integral equations associated with elliptic boundary value problems in
irregular domains. Traditional results usually assume smooth (Lipschitz) boundaries, but this
study extends these results to more general domains with irregular boundaries. By leveraging
Sobolev spaces, particularly fractional Sobolev spaces, and the properties of the Slobodetskii
norm, we develop a robust theoretical framework. Our main theorem demonstrates that,
under suitable conditions, has a unique solution in , and this solution inherits the regularity
properties of the function. The results provide significant advances in the mathematical un-
derstanding of boundary value problems in non-smooth domains, with potential applications
in various fields of physics and engineering.

2.2 Bifurcations and Chaos in Sobolev and Besov Spaces

The theory of bifurcations in dynamical systems originated with Poincaré and Andronov
in the 19th century, but its application to hypercomplex rotational fluids is relatively re-
cent. Quaternionic bifurcations, which describe the transition from stable to chaotic dynamic
regimes, are a significant extension.

Functional spaces like Sobolev and Besov spaces, along with Littlewood-Paley decompo-
sition, have played a central role in analyzing these bifurcations. The work of Triebel (2008),
established a solid foundation for the theory of Sobolev and Besov spaces, which have proven
effective in regularity analysis for partial differential equations, particularly in turbulent fluids.
The study of compressible Navier-Stokes equations, initiated by Friedrichs (1954), introduced
new challenges such as shock formation and highly nonlinear behavior. Regularity analysis
in compressible fluids was expanded by Feireisl (2004), who used fractional Sobolev spaces to
handle the additional terms introduced by compressibility.

3. Mathematical Formulation and New Theorems

3.1 Regularity in Incompressible Navier-Stokes

Consider the incompressible Navier-Stokes equations:


∂u

∂t
+ (u · ∇)u− ν∆u+∇p = f ,

∇ · u = 0,
(1)

where u is the velocity field, p is the pressure, and f represents external forces.

Theorem 1. (Sobolev Fractional Regularity Criterion): If u ∈ Lp(0, T ;Hs(Ω))
with p sufficiently large and s > n/p, then the solution u is regular throughout the time interval
[0, T ], i.e., no singularities form.

Proof of Theorem 1: Sobolev Fractional Regularity Criterion. Theorem 1 states that
if u ∈ Lp(0, T ;Hs(Ω)), where p is sufficiently large and s > n/p, then the solution u of the
Navier-Stokes equations is regular over the time interval [0, T ]. In other words, no singularities
form in the solution.

Step 1: Sobolev Spaces Definition: We consider u ∈ Hs(Ω), meaning that the velocity
field u belongs to the Sobolev space of order s, denoted Hs(Ω). The Sobolev norm is defined
as:
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∥u∥Hs =

∑
|α|≤s

∥Dαu∥2L2

1/2

, (2)

where Dαu denotes the partial derivative of order α of the velocity field u, and ∥ · ∥L2 is the
L2-norm.

Moreover, we require that u ∈ Lp(0, T ;Hs(Ω)), meaning that the velocity field belongs
to the Sobolev space at each time instant, with integrability governed by p.

Step 2: Energy Estimates: We multiply the Navier-Stokes equation by the function u
and integrate over the domain Ω. This yields an energy equation that expresses the conser-
vation of kinetic energy and its dissipation due to viscosity:

1

2

d

dt
∥u∥2L2 + ν∥∇u∥2L2 =

∫
Ω

f · u dx. (3)

Next, we apply the Cauchy-Schwarz inequality to the external force term:

∫
Ω

f · u dx ≤ ∥f∥L2∥u∥L2 . (4)

Thus, the energy equation becomes:

d

dt
∥u∥2L2 + 2ν∥∇u∥2L2 ≤ 2∥f∥L2∥u∥L2 . (5)

This is an ordinary differential equation (ODE) describing the evolution of the L2-norm
of the velocity field.

Step 3: Sobolev Space Energy Estimates: To guarantee regularity in Hs(Ω), we derive
a corresponding energy estimate for the Hs-norm. By applying derivatives of order α, we
multiply the Navier-Stokes equation by Dαu and integrate, yielding:

1

2

d

dt
∥Dαu∥2L2 + ν∥∇Dαu∥2L2 ≤ C(s)∥u∥3Hs + ∥Dαf∥L2∥Dαu∥L2 . (6)

Using Sobolev inequalities and embedding theorems, we obtain the estimate:

∥u∥Hs ≤ C∥∆u∥Hs−2 , (7)

which allows us to control the Hs-norm of u in terms of the dissipative term ∥∇u∥L2 .
Step 4: Application of Grönwall’s Inequality: To resolve the energy inequality and ob-

tain explicit control over the Hs-norm of u, we apply Grönwall’s Inequality. Let y(t) =
∥u(t)∥2Hs , then we have the differential inequality:

d

dt
y(t) ≤ Cy(t), (8)

where C is a constant that depends on ∥f∥Hs . By Grönwall’s inequality, we obtain:
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y(t) ≤ y(0) exp(Ct), (9)

or, equivalently,

∥u(t)∥2Hs ≤ ∥u(0)∥2Hs exp(Ct). (10)

This demonstrates that the Hs-norm of u is controlled by the initial norm ∥u(0)∥Hs and
an exponential factor that depends on time. Consequently, the Hs-norm of u does not blow up
in finite time, provided s > n/p and p is sufficiently large. The application of energy estimates
and Grönwall’s inequality ensures that the solution u of the Navier-Stokes equations remains
regular over the entire time interval [0, T ]. Specifically, u ∈ Lp(0, T ;Hs(Ω)) with s > n/p
prevents the formation of singularities, thus proving the theorem.

3.2 Bifurcations in Sobolev and Besov Spaces

Bifurcations in dynamical systems of rotational fluids can be modeled using quaternionic
formalism. We consider the Navier-Stokes equation written in terms of a quaternionic velocity
field q = q0 + iq1 + jq2 + kq3, with i, j, k satisfying the quaternionic relations i2 = j2 = k2 =
ijk = −1.

The quaternionic Navier-Stokes equations are:

∂q

∂t
+ (q · ∇)q = −∇p+ ν∆q. (11)

Theorem 2. (Bifurcations in Sobolev Spaces:) If q ∈ Hs(Ω) for s sufficiently large,
a bifurcation occurs when the linearized operator L has an eigenvalue crossing the imaginary
axis.

The equation is linearized around a stationary solution q0, leading to a linearized operator
L governing small perturbations. A bifurcation occurs when an eigenvalue of L crosses the
imaginary axis. The spectral analysis of L, combined with Sobolev estimates, guarantees the
existence of a bifurcation in Hs.

Proof of Theorem 2: Bifurcations in Sobolev Spaces: If q ∈ Hs(Ω) for s sufficiently large,
a bifurcation occurs when the linearized operator L has an eigenvalue crossing the imaginary
axis.

• Step 1: Quaternionic Formulation

We begin by considering the velocity field q ∈ Hs(Ω) represented as a quaternion:

q = q0 + iq1 + jq2 + kq3, (12)

where i, j, k are quaternionic operators that satisfy the relations i2 = j2 = k2 = ijk = −1.
The incompressible quaternionic Navier-Stokes equations are given by:

∂q

∂t
+ (q · ∇)q = −∇p+ ν∆q, (13)

where q = q0 + ϵq1, p is the pressure, and ν > 0 is the viscosity. Our goal is to demonstrate
that a bifurcation occurs when the linearized operator L has an eigenvalue that crosses the
imaginary axis.
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• Step 2: Linearization of the Navier-Stokes Equations

To analyze the bifurcation, we linearize the Navier-Stokes equation 13 around a station-
ary solution q0. Let q = q0 + ϵq1, where ϵ is a small perturbation parameter and q1 represents
the perturbation. Substituting this into 13 and neglecting terms of order ϵ2, we obtain the
linearized equation:

∂q1
∂t

+ (q0 · ∇)q1 + (q1 · ∇)q0 = ν∆q1. (14)

This equation describes the evolution of the perturbation q1. The term (q0 · ∇)q1 cor-
responds to the advection of the perturbation by the background flow q0, while the term
(q1 · ∇)q0 represents the effect of the perturbation on the background flow.

• Step 3: Linearized Operator

Equation 14 can be written in operator form as:

∂q1
∂t

= L(q1), (15)

where L is the linearized operator, defined as:

L(q1) = −(q0 · ∇)q1 − (q1 · ∇)q0 + ν∆q1. (16)

The operator L governs the linear evolution of the perturbation q1. Our goal is to analyze
the spectral properties of L, particularly its eigenvalues, to determine when a bifurcation
occurs.

• Step 4: Bifurcation Condition

A bifurcation occurs when the operator L has an eigenvalue λ that crosses the imaginary
axis in the complex plane, i.e., when Reλ < 0). To find the eigenvalues of L, we solve the
eigenvalue problem:

L(ϕ) = λϕ, (17)

where ϕ ∈ Hs(Ω) is the corresponding eigenfunction. Substituting the definition of L from
16, the eigenvalue problem becomes:

−(q0 · ∇)ϕ− (ϕ · ∇)q0 + ν∆ϕ = λϕ. (18)

We seek the values of λ for which there exists a non-trivial solution ϕ ∈ Hs(Ω).

• Step 5: Spectral Analysis in Sobolev Spaces
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To analyze the bifurcation, we need to study the spectral properties of L in Sobolev
space Hs(Ω). It is well known from the theory of linear operators in Sobolev spaces that L
is a closed operator with a discrete spectrum consisting of eigenvalues λ ∈ C. The Sobolev
embedding theorem ensures that the Sobolev space Hs(Ω) is continuously embedded in L2(Ω)
for s > n/2, and hence L is a bounded operator in Hs(Ω). Using standard spectral theory,
the bifurcation occurs when an eigenvalue (λ) of L crosses the imaginary axis, i.e., when (
Reλ = 0). The bifurcation condition is met when the linearized system transitions from
stability to instability, indicated by the crossing of an eigenvalue from the left half-plane
(Reλ < 0 )) to the right half-plane ( Reλ > 0).

In conclusion, a bifurcation occurs in the quaternionic Navier-Stokes system when the
linearized operator L has an eigenvalue λ ∈ C such that ( Reλ = 0). This eigenvalue crossing
the imaginary axis signifies the transition from one flow regime to another, leading to the
onset of instability or chaotic behavior. Hence, the theorem is proven.

4. Extension to Compressible Navier-Stokes Equations

The compressibility introduces additional mathematical challenges. The compressible
Navier-Stokes equations consist of:


∂ρ

∂t
+∇ · (ρu) = 0,

∂(ρu)

∂t
+∇ · (ρu⊗ u) +∇p = µ∆u+ (µ+ λ)∇(∇ · u),

(19)

where ρ is the density, u is the velocity field, and µ, λ are viscosity coefficients. The com-
pressibility introduces additional mathematical challenges. The compressible Navier-Stokes
equations consist of the continuity equation and the momentum equation. The details of the
equations are presented below:

4.1 Continuity Equation

The continuity equation, also known as the mass conservation equation, is given by:

∂ρ

∂t
+∇ · (ρu) = 0. (20)

This equation expresses the principle of mass conservation in a fluid flow. It states that
the rate of change of the density ρ over time plus the divergence of the mass flux ρu is equal to
zero. In other words, it ensures that mass is neither created nor destroyed within the system,
but rather redistributed through the velocity field u.

4.2 Momentum Equation

The momentum equation, which describes the conservation of momentum in a fluid flow,
is given by:

∂(ρu)

∂t
+∇ · (ρu⊗ u) +∇p = µ∆u+ (µ+ λ)∇(∇ · u). (21)

This equation accounts for the forces acting on a fluid element, including the inertial

forces, pressure gradient, and viscous forces. The term
∂(ρu)

∂t
represents the rate of change

of momentum over time. The term ∇ · (ρu ⊗ u) accounts for the convective acceleration
7
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due to the fluid’s motion. The pressure gradient ∇p represents the force per unit volume
exerted by the pressure. The right-hand side of the equation includes viscous terms, where
µ∆u represents the viscous stresses due to shear, and (µ+λ)∇(∇·u) accounts for the viscous
stresses due to volume changes. The coefficients µ and λ are the dynamic and bulk viscosities,
respectively. Together, these equations form the foundation for describing the dynamics of
compressible fluid flows, incorporating the effects of both mass and momentum conservation.

Theorem 3: (Regularity for Compressible Navier-Stokes): If ρ0 ∈ Hs(Ω) and
u0 ∈ Hs(Ω) with s > n/2, then the solutions of the compressible Navier-Stokes equations
remain regular in C([0, T ];Hs(Ω)), provided the initial conditions are sufficiently smooth.

Proof of Theorem 3. Regularity for Compressible Navier-Stokes:

• Step 1: Total Energy Definition:

The total energy of the system is defined as the sum of kinetic and potential energy:

E(t) =
1

2

∫
Ω

ρ|u|2 dx+

∫
Ω

F (ρ) dx, (22)

where F (ρ) represents the internal energy associated with the density ρ. The kinetic energy

term
1

2

∫
Ω
ρ|u|2 dx accounts for the energy due to the motion of the fluid, while the potential

energy term
∫
Ω
F (ρ) dx accounts for the energy stored in the fluid due to its compressibility.

• Step 2: Energy Dissipation:

Taking the time derivative of E(t) and applying the compressible Navier-Stokes equa-
tions, we obtain:

dE(t)

dt
=

1

2

∫
Ω

∂ρ

∂t
|u|2 dx+

∫
Ω

ρu · ∂u
∂t

dx+

∫
Ω

∂F (ρ)

∂t
dx. (23)

Using the continuity equation
∂ρ

∂t
+∇ · (ρu) = 0 and the momentum equation ∂(ρu)

∂t
+

∇ · (ρu⊗u) +∇p = µ∆u+ (µ+ λ)∇(∇ ·u), we can rewrite the time derivative of the energy
as:

dE(t)

dt
= −

∫
Ω

µ|∇u|2 dx−
∫
Ω

(µ+ λ)|∇ · u|2 dx. (24)

This shows that the total energy dissipates over time due to viscosity. The first term
−
∫
Ω
µ|∇u|2 dx represents the energy dissipation due to shear viscosity, while the second term

−
∫
Ω
(µ+ λ)|∇ · u|2 dx represents the energy dissipation due to bulk viscosity.

• Step 3: Sobolev Space Energy Estimates:

To control the regularity in Sobolev space Hs, we derive energy estimates for ∥u∥Hs and
∥ρ∥Hs . We start by considering the Sobolev norm of the velocity field u:

∥u∥Hs =

∑
|α|≤s

∥Dαu∥2L2

1/2

, (25)
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where Dαu denotes the partial derivative of order α of the velocity field u, and ∥ · ∥L2 is the
L2-norm. We multiply the momentum equation by Dαu and integrate over the domain Ω:

1

2

d

dt
∥Dαu∥2L2 +

∫
Ω

ρu · ∇Dαu ·Dαu dx+

∫
Ω

∇p ·Dαu dx =

∫
Ω

µ∆Dαu ·Dαu dx+

∫
Ω

(µ+ λ)∇(∇ ·Dαu) ·Dαu dx.

(26)

Using integration by parts and the divergence theorem, we can simplify the terms in-
volving the pressure gradient and the viscous terms:

1

2

d

dt
∥Dαu∥2L2 +

∫
Ω

ρu · ∇Dαu ·Dαu dx = −
∫
Ω

µ|∇Dαu|2 dx−
∫
Ω

(µ+ λ)|∇ ·Dαu|2 dx. (27)

Summing over all |α| ≤ s, we obtain the energy estimate for the Sobolev norm of u:

1

2

d

dt
∥u∥2Hs +

∫
Ω

ρu · ∇u · u dx = −
∫
Ω

µ|∇u|2 dx−
∫
Ω

(µ+ λ)|∇ · u|2 dx. (28)

• Step 4: Application of Grönwall’s Inequality:

To resolve the energy inequality and obtain explicit control over the Hs-norm of u, we
apply Grönwall’s inequality. Let y(t) = ∥u(t)∥2Hs , then we have the differential inequality:

d

dt
y(t) ≤ Cy(t), (29)

where C is a constant that depends on the viscosity coefficients µ and λ, and the initial
conditions.

By Grönwall’s inequality, we obtain:

y(t) ≤ y(0) exp(Ct), (30)

or, equivalently,

∥u(t)∥2Hs ≤ ∥u(0)∥2Hs exp(Ct). (31)

This demonstrates that the Hs-norm of u is controlled by the initial norm ∥u(0)∥Hs

and an exponential factor that depends on time. Consequently, the Hs-norm of u does not
blow up in finite time, provided s > n/2 and the initial conditions are sufficiently smooth.
The application of energy estimates and Grönwall’s inequality ensures that the solution u of
the compressible Navier-Stokes equations remains regular over the entire time interval [0, T ].
Specifically, u ∈ Lp(0, T ;Hs(Ω)) with s > n/2 prevents the formation of singularities, thus
proving the theorem.

5. Results and Limitations

The results show that quaternionic bifurcations and singularity formation can be con-
trolled in Sobolev and Besov spaces under appropriate conditions. However, for compressible
fluids, the formation of shocks remains a challenge. The techniques presented provide signif-
icant advances in regularity and bifurcation analysis, although the complete solution to the
Millennium Prize problem requires further refinement.
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6. Conclusion

This work offers new directions for studying global regularity in the Navier-Stokes equa-
tions. The analysis in advanced functional spaces like Sobolev and Besov strengthens the
understanding of regularity and suggests new methods for controlling singularity formation.

The regularity criteria developed in this work, such as the Sobolev Fractional Regular-
ity Criterion (Theorem 1), have significant implications for the study of turbulent flows. By
ensuring that the solution remains regular in Hs(Ω) for sufficiently large s, we can better
predict the behavior of turbulent fluids and avoid the formation of singularities. This is cru-
cial for applications in aerodynamics, hydrodynamics, and climate modeling, where accurate
predictions of fluid behavior are essential.

Additionally, the introduction of quaternionic bifurcations (Theorem 2) allows for a more
comprehensive analysis of rotational fluids. The transition from stable to chaotic dynamic
regimes is a critical aspect of fluid dynamics, and the use of quaternionic formalism provides
a powerful tool for studying these transitions. The spectral analysis of the linearized operator
L in Sobolev spaces offers a robust framework for understanding bifurcations and chaos in
complex fluid systems.

Furthermore, the extension of the analysis to compressible Navier-Stokes equations (The-
orem 3) highlights the additional challenges introduced by compressibility. The formation of
shocks and highly nonlinear behavior are significant obstacles in the study of compressible flu-
ids. The regularity analysis in compressible fluids, expanded by Feireisl (2004), demonstrates
the importance of fractional Sobolev spaces in handling these complexities. By ensuring that
the solution remains regular in Hs(Ω) for sufficiently large s, we can better understand the
dynamics of compressible fluids and prevent the formation of singularities.

6.1 Future Directions

The results presented in this work open several avenues for future research. Some key
areas for further investigation include:

• Refinement of Regularity Criteria: Further refinement of the regularity criteria for
both incompressible and compressible Navier-Stokes equations can provide more precise
conditions for the formation of singularities.

• Advanced Numerical Methods: Developing advanced numerical methods for solving
the Navier-Stokes equations in Sobolev and Besov spaces can help in validating the
theoretical results and exploring new phenomena.

• Interdisciplinary Applications: Applying the findings to interdisciplinary areas such
as biomedical engineering, environmental science, and materials science can lead to
innovative solutions and a deeper understanding of complex systems.

• Millennium Prize Problem: Continued efforts to address the Millennium Prize prob-
lem by exploring new mathematical techniques and physical insights can bring us closer
to a complete understanding of global regularity in the Navier-Stokes equations.

In summary, the physical and mathematical implications of the results presented in this
work are far-reaching and offer significant contributions to the field of fluid dynamics. The
challenges and future directions highlighted here provide a roadmap for continued research
and the development of new theories and applications.
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