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Abstract  

Reliable information on the properties of supercritical fluids is sought due to their importance in 

chemical technology. For this purpose, we consider the crossover model to explain the behavior of 

the thermodynamic properties of fluids in the vicinity of the critical point. In particular, we present 

an up-to-date examination of the coexistence densities of carbon dioxide near the critical point and 

compare it the experimental data of Duschek et al. as well as with the data generated from NIST 

REFPROP package. 
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1. Introduction  

The studies of the critical thermodynamic behavior of pure fluid systems are of increasing interest 

for many fields Hutchenson and Foster (1995). Pure compound fluids can be found under different 

phases depending on the temperature and pressure. In particular, a subcritical fluid is characterized 

by its temperature above its boiling point and below critical point under pressure. However, a 

supercritical fluid temperature is above the critical point. Fluids at the sub-and supercritical 

conditions have different physical and chemical properties, such as the density, the dielectric 

constant, etc..., when compared to their properties at ambient conditions. Carbon dioxide is one of 

the frequently used sub-and supercritical fluid. By changing the temperature and pressure, the 

enhanced thermodynamic properties of sub-and supercritical fluids used to improve biowastes, 

plastic wastes, biocrude, supercritical fluid separation in petroleum-chemistry separation and 

purification, food industry (Akgerman and Madras, 1994; Beckman, 1996; Cansell et al., 1997; 

McHugh and Krukonis, 1998) and supercritical fluid chromatography in analytical and preparative 

separation, determination of physicochemical properties (Page et al., 1994; Schneider, 1983) 

amongst other utilizations (Kiran, 1994; Cansell et al. 1999; Chen et al. 1995; Savage et al. 1995).  

Conventionally, equations of state are used to describe the thermodynamic properties of fluids and 

fluid mixtures in the critical region in the vicinity of the critical point as well as in the classical 

region far away from the critical point. Nonetheless, empirical analytic equations of state do not 

reproduce the correct thermodynamic behavior of fluids in the critical region. Furthermore, 

equations of state that are valid in the critical region cannot be extrapolated to the classical region. 

Therefore, a unified equation of state is needed in order to take account of the thermodynamic 

properties of fluids over a wide range of temperatures and densities around the critical point, with 

good agreement with experimental data in the critical region and in the classical region far away 

from the critical point.  An equation of state that is based on the crossover model formalism should 

take into account the description of the thermodynamic properties of pure fluids both in the critical 
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region as well as far away in the classical region (Chen et al. 1990; Rizi and Abbaci 2024; Abbaci, 

2005; Abbaci and Berrezeg, 2004;  Rizi and Abbaci, 2012). 

The present work delineates the application of the crossover model to the coexistence-curve 

diameter to carbon dioxide, and substantiates the reproducibility of the liquid-vapor coexistence 

curve diameter only by a using the already formulated equation of state for carbon dioxide based on 

the crossover model (Chen et al. 1990; Rizi  and Abbaci 2024). This work is divided into 5 sections 

and we shall proceed as follows: Section 2 provides the general theoretical framework for the six-

term crossover model. Section 3, presents the formulation that predict the behavior of the 

coexistence-curve diameter equation for one-component fluid.  Section 4, discusses the application 

of the crossover model to the coexistence-curve diameter of carbon dioxide and address the 

comparison of the experimental data of carbon dioxide with the crossover model as well as the data 

generated from REFPROP package (NIST, 2023). We conclude with a discussion in section 5. 

 

2. Theory 

 

1.1 Specification of the crossover model 

Close to the critical point, the description of fluid systems is based on modern theoretical of the 

renormalization-group theory (RG) (Nicoll and Albright, 1985). In particular, diverse physical 

systems with the same space dimensionality d, and the same number n of components of the order 

parameter belong to the same universality class. Based on earlier works of Nicoll et al. (Nicoll, 

1983; Nicoll and Bhattacharjee, 1981), a crossover model based on the renormalization-group 

theory of critical phenomena has been developed to predict the thermodynamic properties of fluids 

in the critical region (Chen et al. 1990; Rizi et al. 2024; Abbaci, 2005; Abbaci and Berrezeg, 2004;  

Rizi and Abbaci, 2012). 

Let ρ be the density, T the temperature, P the pressure, µ the chemical potential and A/V the 

Helmholtz free energy per unit volume. We make these properties dimensionless with the aid of the 

critical parameters (Chen et al. 1990; Rizi and Abbaci 2024): 

 

𝜌̃ =
𝜌

𝜌𝑐
, 𝑇̃ =

𝑇

𝑇𝑐
 , 𝑃̃ =

𝑃𝑇𝑐

𝑃𝑐𝑇
, 𝜇 =

𝜇𝑇𝑐𝜌𝑐 

𝑇𝑃𝑐
, 𝐴̃ = 𝐴𝑇𝑐/𝑉𝑇𝑃𝑐                                                                    (1)   

 

In addition, we define; 

 

∆𝜌 ̃ = 𝜌̃ − 1, ∆𝑇 ̃ = 𝑇̃ + 1,
Δ𝜇 = 𝜇𝑐̃ − 𝜇0                                                                                        (2 − 3) 

 

 

and 

 

∆𝑨 ̃ = 𝑨 ̃𝜇0(𝑇̃) − 𝐴̃0 (𝑇̃)                                                                                                                              (4) 

  

Here, the terms 𝜇0 (𝑇)̃ and 𝐴̃0 (𝑇)̃     are analytic backgrounds of functions of T subjects to the 

conditions that at the critical temperature, Δ𝜇(𝑇 = 𝑇𝑐) = 0, Δ𝐴̃(𝑇 = 𝑇𝑐) = −1. The equation of 

state used here is expressed in the form of a reduced Helmholtz energy which can be written as 

(Abbaci et al., 2004; Rizi et al., 2023): 

∆𝐴̃𝑟 =
1

2
𝑡𝑀2𝒯𝒟 +

𝑢0

2!
𝑀4 𝒟2 𝒰 +

𝑎05

5!
𝑀 5𝒟

5

2𝒱𝒰 +  
𝑎06

6!
𝑀 6𝒟3𝒰

3

2 + 

𝑎14

4!
𝑡𝑀4 𝒯𝒟2𝒰1/2 +

𝑎22

2!2!
𝑡2𝑀2𝒯2𝒟 𝒰−1/2 −

1

2
𝑡2𝒦                                                           (5)           

Where t and M are temperature-like and density-like variables respectively related to ∆𝑇̃  and ∆𝜌̃
 

defined by: 



The Journal of Engineering and Exact Sciences – jCEC 

3 

𝑡 = 𝑐𝑡∆𝑇̃ + 𝑐 (
𝜕∆𝐴̃

𝜕𝑡
)

𝑀
                                                                                                          (6) 

𝑀 = 𝑐𝜌(∆𝜌̃ − 𝑑1∆𝜌̃) + 𝑐 (
𝜕∆𝐴̃

𝜕𝑀
)

𝑡
                                                                                        (7) 

with the corresponding transformation: 

∆𝐴̃ = ∆ 𝐴̃𝑟 − 𝑐 (
𝜕∆𝐴̃

𝜕𝑡
)

𝑀
(

𝜕∆𝐴̃

𝜕𝑀
)

𝑡
          (8) 

Where, ct, c and d1 are system-dependent constants. The coefficient c arises because of the vapor-

liquid asymmetry of fluids. Thus, the coefficient c is also system-dependent parameter that mixes 

the field variables t and M. The coefficients a05, a06, a14, a22 are system-dependent parameters and u0 

= u·Λ, where Λ is a dimensionless cutoff wave number and u is defined below, whilst the crossover 

functions 𝒯, 𝒟, 𝒰, 𝒱and 𝒦 are defined by: 

 

𝒯 = 𝒴(2−1/𝜐)/𝜔,   𝒟 = 𝒴−𝜂/𝜔,  𝒰 = 𝒴1/𝜔,           (9) 

 𝒱 = 𝒴(2𝜔𝑎−1)/𝜔  , 𝒦 =
𝜐

𝛼𝑢Λ̅̅ ̅̅
[𝒴−𝛼/𝜐𝜔 − 1] 

In terms of a crossover function, Y to be determined from 

1 − (1 − 𝑢̅)𝒴 = 𝑢 (1 +
Λ2

𝜅2)
1/2

𝒴1/𝜔         (10) 

with 

𝜅2 = 𝑡𝒯 +
1

2
 𝑢Λ𝑀2𝒟𝒰            (11) 

With 𝑢̅ = 𝑢/𝑢∗.In these expressions 𝜈, 𝜂, 𝜔 and 𝜔𝑎  are universal critical exponents, 𝑢∗ is another 

universal constant, called the fixed-point coupling constant found elsewhere (Rizi and Abbaci 

2024). The values of the critical exponents that will be used in this work are presented in Table 1. 

 

Table 1: Universal critical-region constant 

Critical exponent/Values 

=0.11 

=0.033 

=0.63 

=0.51 

=/=0.80952 

a=2.1 

u*=0.472 

 

In order to apply the crossover model to fluid systems, an appropriate transformation of the field 

variables t related to the temperature T and M related to the density  is presented by the following 

conversion (Chen et al. 1990; Rizi and Abbaci 2024):                        

The coefficients, 𝑐𝑡, 𝑐𝜌 and 𝑑1 are system-dependent constants. The coefficient 𝑐 is another system-

dependent parameter that mixes the field variables t and M.  

 

3. The Coexistence-curve diameter 

The presence of the weak singularity in the coexistence-curve diameter is the consequence 

of the mixing of the field variables t and M as shown in Eq. (7). By denoting 𝜌𝑙𝑖𝑞. as the liquid 

density and 𝜌𝑣𝑎𝑝.  as the vapor density, 𝜌𝑐 as the critical density, and ∆𝑇 ̃ as the reduced temperature; 

then, near the critical point, the renormalization-group theory predicts that (Weiner et al., 1974; Ley-

Koo and Green, 1972): 

   

𝑑 =  
(𝜌𝑙𝑖𝑞+𝜌𝑣𝑎𝑝)

2𝜌𝑐
= 1 + 𝑑1∆𝑇̃ + 𝑑𝑠1∆𝑇̃(1−𝛼)𝑑𝑠2∆𝑇̃(1−𝛼+∆) + ⋯,                       (12) 

By inverting Eq. (2), the densities of the liquid and the vapor phases can be computed as: 
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𝜌𝑙𝑖𝑞.,𝑣𝑎𝑝. = 𝜌𝑐 [1 + 1
𝑐𝜌

⁄ {𝑀 − 𝑐 (
𝜕∆𝐴̃𝑟

𝜕𝑡
⁄ )

𝑀
} +𝑑1∆𝑇̃]

𝑙𝑖𝑞.,𝑣𝑎𝑝.

,                       (13) 

The constant  is the critical exponent that characterizes the divergence of the specific heat at 

constant volume,, , are other critical exponents given in Table 1. Where  is the critical exponent 

that characterizes the divergence of the specific heat at constant volume, , and a = a are other 

critical exponents presented in Table 1. 

Since (1-) is close to unity, the hook in the coexistence-curve diameter is very too difficult to 

distinguish from its linear term. Nonetheless, experiments performed by Weiner, Langley and Ford 

on sulfurhexafluoride (Weiner et al., 1974), that have been latter on analyzed by Ley-Koo and Green 

(Ley-Koo Green, 1972), indicate that the singular term is present. Subsequently, Pestak and 

coworkers (Pestak et al. 1987) have performed experiments on nitrogen and neon, and Burton and 

Balzarini, (1974) and coworkers on ethane and ethylene who have established the existence of the 

hook characterized by this weak singular term with the predicted exponent (1-)/ With  = .  

The crossover model reproduces expansion in Eq. (12) with the coefficients ds1 and ds2 given by the 

following expressions: 

 

𝑑𝑠1 = −9.547 𝑐𝑡
(1−𝛼) (Λ𝑢̅)−3(2𝜐−1)𝑐/𝑐𝜌,                         (14) 

𝑑𝑠1 = 8.820𝑐𝑡
(1−𝛼+Δ) (1 − 𝑢̅)(Λ𝑢̅)−3(2𝜐−1)−2Δ𝑐/𝑐𝜌,                       (15) 

 

The coexisting liquid and vapor densities are represented by the relation: 
(𝜌𝑙𝑖𝑞−𝜌𝑣𝑎𝑝)

2𝜌𝑐
=  𝐴𝛽 ⌈∆𝑇̃⌉

𝛽
+ ⋯,                                        (16) 

 

With the critical exponents = and   and values listed on Table1. The coefficient A, can be 

deduced from the crossover model.  The expression of this dominant coefficient in Eq. (8) is 

calculated from the crossover model as follow:  

 

𝐴𝛽 = [
2(1+𝑥)

𝑥2𝛽
(

(Λ𝑢̅)−2(2−1/𝜐)𝛽−𝜂

𝑢∗⁄ )
1/2

] 𝑐𝑡
𝛽/𝑐𝜌,                          (17) 

 

With  

𝑥 =
[2(3𝜐 − 1) − √4 − 54𝜐 + 9(9 − 𝑢∗) 𝜐2]

[10 − 3𝜐(5 − 𝑢∗)]
⁄ ,                       (18) 

 

4. Application to the phase diagram of carbon dioxide  

In particular, a comparison of the crossover model EOS with the experimental data of the 

coexistence-curve diameter of carbon dioxide is made based on system-dependent constants in the 

crossover model that were determined previously (Chen et al., 1990) from a fit to the P- -T data of 

Michels and coworkers (1935 a, b) and  Michels et al., (1937) with temperatures and densities ranges 

of KT 373  K/  291   and 712/kg.m 193 3  -  . For the critical parameters, we adopted the 

following values, Tc
 = 304.127 K, Pc

 = 7.3757 MPa   c
 = 467.83 kg m-3. 

With fixed system-dependent parameters shown in Table 2, we generated liquid and vapor densities 

and the rectilinear diameter values of carbon dioxide as shown in Table 3. A comparison of the 

crossover model equation with the experimental coexistence diameter data for carbon dioxide 

reported by Duschek and coworks (Duschek et al., 1990), the values generated from REFPROP  

packages (NIST, 2023) is shown in figure 1.  In addition, we also show in figure 2 the densities of 

the coexisting vapor and liquid phases of the fluid as a function of temperature.  
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Table 2- System-dependent constants for carbon dioxide 

Crossover parameters 

4214.1  

 0.39803, 

=

=u
 

Scaling parameters 

0.02590-  

 ,4145.2  1.5951,  

=

==

c

 ctc   

Classical Parameters 

0.30116  22  0.39839,  14 

 1.14228,  06  0.27063,-  05

==

==

aa

aa
 

Pressure background parameters 

 ,1371.54'
~

  1.9509,- 3
~

  4.5139, 2
~

  6.0079,- 1
~

 ,1-0
~

==

===

AA

AAA
 

d1 =-0.33231, dS1= 0.2905, dS2= 0.424 

 

Figure 1 is too roughly scaled to make any conclusions about the goodness of the comparison and 

agreement of the Duschek et al. (Duschek et al., 1990) sets of data and the coexistence curve are 

typically measured on the level of a few tenth of a percent uncertainty, especially very close to the 

critical point. It is therefore, more adequate and even more informative to show deviation plots. In 

figure 3, we present the deviation plots of REFPROP (NIST, 2023) against the experimental data 

measured by Duschek et al. (Duschek et al., 1990) from the values calculated from the crossover 

Model as well as values calculated from Eq. (12).  

 

 
 

Figure 1 - Coexistence-curve diameter for carbon dioxide as a function of reduced temperature.  The 

green squares indicate the experimental data obtained by Duschek et al., (1990). The Solid curve represents the values 

from the crossover model and the blue squares are the values calculated from Eq. (12). 
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Figure 2 - Density-temperature diagram.   
The open squares represent the experimental data of Duschek et al., the crosses represent the prediction from the 

crossover model and the closed circles represent the data generated form REFPROP. The point on the top of the curve 

is the critical point characterized by (
ccT , ). 

 

 
Figure 3 - Percent deviation plot of the experimental coexistence-curve diameter  
Data obtained by Duschek et al., (1990) from its calculated values from the crossover model (open circles), those 

calculated from Eq. (12) (closed triangles) and those with respect to the data generated form REFPROP (open squares). 
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Table 3: Equilibrium liquid and vapor densities of carbon dioxide 

T (K) T
~

  a
.vap

~  a
.liq

~  
a

d
  b

.vap

~  b
.liq

~  
b

d
  c

d
  d

d
  

295.0 

297.0 

299.0 

300.0 

301.0 

302.0 

302.5 

303.0 

303.4 

303.6 

303.8 

0.0309 

0.0240 

0.0171 

0.0138 

0.0104 

0.0070 

0.0054 

0.0037 

0.0024 

0.0017 

0.0007 

0.4507 

0.4917 

0.5425 

0.5736 

0.6106 

0.6570 

0.6862 

0.7223 

0.7600 

0.7844 

0.8370 

1.6102 

1.5552 

1.4905 

1.4527 

1.4090 

1.3560 

1.3236 

1.2844 

1.2443 

1.2187 

1.1643 

1.0324 

1.0249 

1.0178 

1.0142 

1.0106 

1.0071 

1.0054 

1.0037 

1.0024 

1.0017 

1.0007 

0.4480 

0.4900 

0.5420 

0.5740 

0.6110 

0.6580 

0.6870 

0.7230 

0.7610 

0.7860 

0.8172 

1.6090 

1.5540 

1.4890 

1.4520 

1.4080 

1.3540 

1.3220 

1.2820 

1.2420 

1.2170 

1.1842 

1.0290 

1.0228 

1.0165 

1.0134 

1.0103 

1.0070 

1.0055 

1.0038 

1.0025 

1.0020 

1.0008 

1.0267 

1.0208 

1.0149 

1.0120 

1.0091 

1.0063 

1.0048 

1.0034 

1.0022 

1.0016 

1.0011 

1.0289 

1.0228 

1.0166 

1.0135 

1.0103 

1.0071 

1.0055 

1.0039 

1.0026 

1.0020 

1.0016 
a: This work; b: Ref. (Duschek et al., 1990); c: Eq. (12); d: REFPROP (NIST, 2024) 

 

5. Discussion and conclusion 

In this work, a comparison of the liquid and vapor densities experimental data is made for carbon 

dioxide based on a previously formulated crossover model EOS for carbon dioxide and without 

performing any fitting to the liquid-vapor phase experimental data, i.e., the equilibrium liquid and 

vapor densities. The hook characterized by the term 
)-1 


(

T
~

 in the rectilinear diameter for carbon 

dioxide in Figure 1 is hardly noticeable. In addition, the crossover model equation yields a value of 

the specific-heat-amplitude ratio A+/ A-  that is about 5  below the most accurate values calculated 

from Renormalization-Group-Theory for Ising-like model. Also, the amplitude of the hook of the 

coexistence-curve diameter is closely linked to the specific-heat amplitude A- which makes so often 

very difficult to make any conclusion in regards to the magnitude of this hook as long as the 

amplitude ratio is not accurately determined (Chen et al. 1990; Rizi and Abbaci 2024). 
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