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Brazil is a country with high solar energy potential due to the vast unhabitaded areas close to 
the Equator with high availability of solar radiation. With a simple setting, low maintenance 
costs, sustainability appeal and an inexhaustible power supply, the solar plants have been 
transformed in attractive investments in the electrical power sector.  In the Brazilian 
Northeastern region, it's possible to find the best conditions for the development of new solar 
plants due to the climate, dry and sunny all year. The present work aims to present the use of 
game theory as an innovative method in the investment decision process between two 
companies of solar energy generation in Northeastrn region of Brazil. The methodology used 
for this analysis was the Cournot method to conclude whether competition or cooperation 
among the agents involved prevails in the market. 
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  R E S U M O  
 

 O Brasil é um país com elevado potencial solar em virtude de possuir amplas áreas com 
disponibilidade de radiação solar graças à localizar se nas proximidades da linha do 
Equador.  Com uma configuração simples, baixos custos de manutenção, apelo sustentável e 
com uma fonte inesgotável de energia, as usinas solares têm se transformado em polos de 
investimento no setor de energia. A região Nordeste do Brasil apresenta as melhores 
condições climáticas para instalação de usinas elétricas de geração solar. O presente 
trabalho possui como objetivo apresentar o uso da teoria dos jogos como método inovador 
no processo decisório de investimento entre duas empresas de geração de energia solar no 
nordeste brasileiro. A metodologia utilizada para esta análise foi o método de Cournot para 
concluir se está prevalecendo no mercado a competição ou a cooperação entre os agentes 
envolvidos. 
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1. INTRODUCTION  

The Game Theory has the objective of analyzing 
situations where the results of individual actions or 
institutions rely substantially on the actions of other 
individuals, that is, deals with situations where no character 
can conveniently make decisions without taking into account 
the possible decisions of others. (FIGUEIREDO, 1994). 

A game can be exposed mathematically in different 
ways, according to its properties and goals. The most detailed 
way to present a game is in its most extensive form in which 
its description is concentrated on its sequential movement. In 
this format, decisions are made one after another. The 
strategy concept taken as the complete description of how a 
person participating in a game can act under any 
circumstances, The concept of strategy taken as the complete 
description of how a person participating in a game may act 
under any circumstances, or any course of action of an agent 
in a game in the extensive manner, allows us to define and 
express the game in a manner more simple and objective, and 
therefore of greater theoretical importance, called normal 
form or strategic form. (FIGUEIREDO, 1994).  

There are two other points that should be highlighted 
during a modeling in the strategic form is the fact that each 
player can ignore the decision of the other at the time he 
makes his decision and not worry about the time after the 
decision making, ie, players only consider the immediate 
consequences during the decision. These two aspects 
characterize a simultaneous game. 

The application of Game Theory in the national 
electrical scenario should be an alternative decision making. 
During the restructuring of the sector, which began to be 
decentralized, a competition is promoted between generators 
and distributors of electrical power. In the mixed model, 
which includes state-owned and private companies, the 
implementation of offer bids for the determination of the spot 
price is under discussion, as is already the case in several 
countries.  

In this context, companies constitute a new 
environment, competing for the quantity of electric energy to 
be available in the market and the prices, both through 
bilateral contracts and in the spot market, as well as through 
new ventures. This competition is not simple, since the 
actions of a market agent depend on the actions of other 
agents. What we have is a game of cross-interests, in which 
each agent seeks to maximize its benefits, which are not 
simply about market share, but about corporate profits. The 
Game Theory finds direct application in this conflict of 
interest and can be used under two different points of view 
in electric energy markets: that of the agent and that of the 
regulator agency. The first aims to maximize its profit and 
the second to ensure the proper functioning of the market. 

The considerations presented motivated the objective of 
this article for the presentation of the analysis of the behavior 
of two agents in the market of solar electric energy in the 
Northeast of Brazil, using Game Theory. For this, the 

Cournot Model was used with two companies and it is sought 
to conclude whether competition or cooperation among the 
agents involved prevails in the market. 

 

2. LITERATURE REVIEW 

2.1 A brief history of Game Theory  

In 1838, the mathematician, philosopher and 
economist from France, Antoine Cournot (1801-1877), 
published the Cournot Model, which consists of an analysis 
of the behavior of two industrial companies which decided to 
simultaneously plan their production, creating the 
introduction of a duopoly. 

In 1928, another mathematician, Jon von Neumann 
created what is known as the Minimax Theorem. Neumann 
showed interest in economy and along with the economist 
Oscar Morgenstern, published the classic “The Theory of 
Games and Economics Behavior” in 1944, and, with this, the 
Game Theory invaded the field of applied economics and 
mathematics. 

In 1950, the American mathematician John Forbes 
Nash Jr, published four important articles for the Game 
Theory. In “Equilibrium Points in n-Person Games” and 
“Non-cooperative Games”, Nash proved the existence of a 
mixed strategy equilibrium for non-cooperative games, 
called Nash equilibrium, and suggested an approach to 
cooperative game studies, from its reduction to non-
cooperative form.  

2.2 The market power 

Market power is the ability of an economic agent to 
keep its prices above the competitive level or to improve 
market penetration in order to maximize its profits by getting 
more clients or more profitable customers. 

What could be observed in England, and partly in 
Brazil, in the creation of the electric power market, was the 
breakdown of the vertical integrated monopoly, creating a 
horizontal market and reducing market power (LANZOTTI, 
2002). Even so, a degree of power remains, which will 
depend on how the market was subdivided. Transmission 
constraints, in turn, tend to divide the market into submarkets 
and may lead to high degrees of concentration of market 
power in these submarkets. In addition, companies in 
strategic locations can clog flows in these interconnectors to 
create scarcity in submarkets and raise prices. 

2.3 Game Theory applied to oligopolistic models  

The Game Theory can be used in two different 
perspectives in an electricity market. The first would be from 
the point of view of the regulatory body, which, through the 
application of oligopoly models to the respective market, 
could supervise how its agents are behaving, whether the 
predominant has been cooperation or competition between 
agents, as this directly influences market prices. 

The second perspective would be the vision of a certain 
agent whose objective is to choose a strategy, so that its 
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performance in the market maximize its profit. To do this, 
this agent would use Game Theory as a tool to predict the 
strategies of its competitors, based on information it has 
about the market and strategies used by its competitors in the 
past. Then, with the set of expectations for the strategies of 
their opponents at hand, this agent would solve an 
optimization problem, potentializing its benefit. 

In this context, the most useful model for market 
regulators would be the Cournot Model, which is within the 
concept of Nash Equilibrium. In this case, the strategic 
variables are the quantities offered, and prices are established 
according to the total quantity produced in the market, which 
are defined based on the aggregate demand of the sector. This 
one-stage game model does not take repeated actions into 
account. Through the Cournot Model, the market defines the 
price and quantity of electricity offered in bilateral contracts.  

2.4 The Cournot model or simultaneous determination of 
quantities (with two companies) 

  The Cournot model derives its name from the French 
mathematician, philosopher and economist Antoine 
Augustin Cournot (1801-1877), who published in 1838 an 
analysis about the behavior of two companies which 
simultaneously decided their production yield. (FIANI, 
2015).  

This model represents the market analysis of a few 
companies, that is, oligopolies. This article will demonstrate 
the game with two players: Solar 1 and Solar 2. The two 
companies produce solar energy to supply the national 
electricity market. Electricity is a homogeneous product, that 
is, consumers will not perceive the difference in the quality 
of the same and, therefore, base their decisions on which 
product to acquire considering only the price, independent of 
the generator. 

As a behavioral hypothesis, it will be admitted that each 
company seeks to maximize its profit. A company's profit is 
the difference between its revenue and its costs. It is 
necessary to define the revenue and cost of each company, 
so as to construct a reward function for each one of them.  

Revenue is the product of the market price by the 
quantity sold by each company. Assuming that the market 
price is given by a linear demand function, as in the following 
Equation 1:  

( ) ( )21 qqbAqp +−=                                              (1) 

Where ( )qp  is the market price as a function of 

quantity, �  is the total quantity produced and sold on the 

market, � and b  are constants, 1q  is the quantity produced 

by Solar 1 and 2q  is the quantity produced by Solar 2. 

Therefore, by Equation 2,  

21 qqq +=                                                                (2) 

The total quantity produced and sold on the market, � 

and �  total revenue 1RT  and Solar 2‘s 2RT  are given, 

respectively, by the Equations 3 and 4: 

( ) 21
2
1111 qbqbqAqqqpRT −−==                                  (3) 

( ) 2
221222 bqqbqAqqqpRT −−==                                 (4) 

To define the reward function of each company, it 
subtracts from the revenues the costs in order to obtain the 
profits of each company. To simplify, it will be adopted that 

the cost functions of the two companies 1C  and 2C  are 

identical and given by the Equations 5 and 6: 

11 cqC =                                                                                    (5) 

22 cqC =                                                                                     (6) 

Where � is a constant strictly higher than zero. In the 
sequence, one can observe the reward function of each 

company, that is, the profits 1π  and 2π  as being:  

121
2
111 cqqbqbqAq −−−=π                                       (7) 

2
2
22122 cqbqqbqAq −−−=π                                                (8) 

Then, the first derivative of each of the Equations 7 and 

8 is made in relation to 1q  and, respectively, and equals 

zero, according to the first-order condition for maximization:  

02 21
1

1 =−−−=
∂
∂

cbqbqA
q

π
                                       (9) 

02 21
2

2 =−−−=
∂
∂

cbqbqA
q

π
                                             (10) 

Putting 1q  and 2q  in evidence in the Equations 9 and 

10, respectively, two new equations are created:   

b

cbqA
q

e

2
2

1

−−=                                                                    (11) 

b

cbqA
q

e

2
1

2

−−=                                                                         (12) 

Equations 11 and 12 describe how much each of the 
companies will produce to maximize their profits given the 
expected output of their competitor. The fact that the quantity 
produced is as expected is indicated by the superscript �. 

The expected production is used because each company 
makes its decision on how much to produce without knowing 
the decision of the other company, since it is a simultaneous 
game. The two equations provide the reaction functions of 
the Solar 1 and Solar 2 companies respectively. The amount 
that the company will produce will be its best response to the 
decision that it expects its competitor to take. 
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3. RESULTS AND DISCUSSIONS 

3.1 Application of Cournot’s model with two companies  

Nowadays, there are several possibilities of applications of 
the Theory of Games in the commercialization of electric energy 
by an agent of the sector, among which we can mention: 
competitive bargaining, Nash's cooperative bargain, 
oligopolistic models, among others. Each of them can be used 
for a specific purpose, such as expansion in generation, 
participation in electric power auctions, preparation of auctions 
to purchase equipment, among other applications that vary as 
market regulations are determined. The application of these 
concepts, for the purpose of maximizing the profit of a particular 
company, are usually not published for strategic reasons. 

 In time, it will be presented a hypothetical example of two 
companies (duopoly), Solar 1 and Solar 2, that use the Cournot 
method to exemplify the maximization of the profit of both, 
using the model for the two companies. These companies do not 
cooperate, and have the same marginal cost, ie the same 
production technology and access to energy. Given that the 
demand function of the companies’ market P  is given by: 

QP −= 90                                                               (13) 

Considering the marginal costs 1C  and 2C  in the 

Equation 14, it has: 

321 == cc                                                                (14) 

And, in this case, fixed costs are equal to zero. First, we 

must adopt 0=
∂
∂

i

i

q

π
 and, from this rule, it is possible to 

determine how much energy each company will produce to 
maximize profit. Starting with Solar 1, it is assumed that profit 
is: 

111 tt CR −=π                                                                 (15)  

11 PqRt =                                                                   (16)  

111 VFt CCC +=                                                       (17) 

Where, 1tR  and 1tC  are total revenue and cost of Solar 1, 

respectively, 1FC  and 1VR  are the fixed and variable costs of 

Solar 1, respectively. Therefore, replacing the Equations 16 and 
17 in the Equation 15, we have: 

( )1111 VFq CCP +−=π                                                       (18) 

According to Equation 13, it is possible that the demand 
can be considered by the quantity that the companies Solar 1 and 
Solar 2 will produce, this can be represented by the Equation 19: 

21 qqQ +=                                                            (19)  

Given that the fixed cost is equal to zero, and the variable 
cost is equal to the marginal cost multiplied by the amount of 

energy that each company produces, we have that the profit of 
Solar 1 is represented by the Equation 20, based on the Equation 
18: 

( )111 30 qPq +−=π                                                  (20)  

By factoring the terms, one obtains: 

( )311 −= Pqπ                                                         (21)  

Replacing the Equation 13 in the Equation 21, we have: 

( )39011 −−= Qqπ                                                (22)  

Substituting the Equation 19 into the Equation 22, we 
have: 

( )( )390 2111 −+−= qqqπ                                       (23)  

Developing: 

21
2
111 87 qqqq −−=π                                              (24)  

Finding the maximum point of Equation 24, that is, 

deriving from the 1q  and equaling to zero, we have: 

0287 21
1

1 =−−=
∂
∂

qq
q

π
                                         (25) 

Organizing and isolating the terms, we have the reaction 
function of Solar 1: 

 
2

87 2
1

q
q

−=                                                            (26)  

Taking into account that Solar 2, by analogy, is identical 
to Solar 1 because they produce the same product, electric 
energy through solar energy, and have the same marginal costs, 
it can be assumed that the Solar 2 reaction function will be: 

2

87 1
2

q
q

−=                                                                            (27) 

Replacing the Equation 27 in the Equation 26, you have:  

29
2

2

87
87 1

1 =







 −−
=

q

q                                                   (28)  

It should be noted that the value of ��  represents the 
amount of energy that Solar 1 can produce to maximize its profit 
given its dependency on Solar 2. To find the value that Solar 2 
should produce, the value of ��  must be substituted in the 
Equation 27: 

29
2

2987

2

87 1
2 =−=−= q

q                                             (29)  
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After finding the amounts of energy that each company 
must produce, one must find the price that will cost the unit of 
energy. This is obtained by the Equations 19 and 13: 

58292921 =+=+= qqQ                                      (30)  

 32589090 =−=−= QP                                              (31) 

Through the above data, it is possible to calculate the profit 
of each company. The same is given by the Equation 21: 

( ) ( ) 84133229311 =−×=−×= Pqπ                      (32)  

By Cournot's Theorem, the profit of each company is 
equal: 

84121 == ππ                                                       (33) 

In Table 1, it is possible to visualize the summary of the 
results found in the development of this work:  

 

 

 

 

 

Table 1 – Summary of the results of the companies Solar 1 
and Solar 2. 

Item Solar 1 Solar 2 
Fixed costs (R$) R$ 0,00 R$ 0,00 

Marginal costs(R$/kW) R$ 3,00 R$ 3,00 

Amount of energy produced 
(kW) 

29,0 29,0 

Sales price (R$/kW) R$ 32,00 R$ 32,00 

Profit (R$/kW) R$ 841,00 R$ 841,00 
 

From the Equations 26 and 27, it is possible to calculate 
the respective amounts of energy of each company. In Table 2, 
it is possible to visualize the amounts of energy produced. 

Table 2 – Summary of energy produced by Solar 1 and Solar 
2. 

Solar 1 Solar 2 
�	(kW) �
(kW) �	(kW) �
(kW) 

0,0 87,0 0,0 43,5 
23,5 40,0 40,0 23,5 
29,0 29,0 29,0 29,0 
43,5 0,0 87,0 0,0 

 

Figure 1 shows the graphical representation of the 
Reaction Functions of Solar 1 and Solar 2.  

 

 

Figure 1 – Reaction Functions of Solar 1 and Solar 2. 
 

At the moment that the companies produce the same 
amount of electric energy, the Cournot-Nash equilibrium is 
shown, at this point, both use the functions of reaction of better 
response to the market. The competition between Solar 1 and 
Solar 2, that is to say, a duopoly, makes the amount of energy 
offered exceeds in the market in relation to the situation of a 
monopoly, that is, only a company producing energy for supply. 
The energy price exceeds the marginal cost, but it is lower than 
in the situation of a monopoly. 
 

4. FINAL CONSIDERATIONS 

The Game Theory can be used in two distinct 
perspectives in an electric power market. The vision used in the 
present study was of two agents that have the same objective of 
maximizing its profits. 

In the hypothetical situation presented, the Game Theory 
was applied to predict the strategies of two companies, Solar 1 
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and Solar 2, based on information they have about the market. 
The model used was that of Cournot, which is within the concept 
of Nash equilibrium. Through this model it was possible to 
define the price and quantity of electric energy to be offered to 
consumers. 

The use of the Cournot model, in this hypothetical case, 
has shown that the market is in balance, as the companies Solar 
1 and Solar 2 have chosen to maximize their respective profits, 
taking into consideration that none will change the supply 
behavior in the market. It has been proven that the duopoly 

makes the amount of energy offered rise in the market as 
opposed to a monopoly, that is, only a company producing 
energy for supply. In addition, for this configuration, the price 
of energy is lower than in the situation of a monopoly, even 
exceeding the marginal cost. 

In this way, it can be concluded that the Game Theory 
produces benefits in the teaching and learning process, favoring 
cognitive aspects and taking the teaching in a differentiated and 
playful way. 
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